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ABSTRACT

The growth of perturbations in a baroclinic flow is examined as an initial value problem. Although the
long time asymptotic behavior is dominated by discrete exponentially growing normal modes when they
exist, these do not form a complete set and initial intensification is shown to be dependent on the continuous
spectrum. The vertical structure of perturbations emerges as an important influence on initial growth, and
physically realistic disturbances are shown to grow to amplitudes where nonlinear effects are important

before obtaining normal mode form.

Connection is made with the work of Arnol’d (1965) and Blumen (1968) and the numerical experiments
of Simmons and Hoskins (1979). Application of these results to cyclogenesis in geographically fixed areas
is suggested and implied constraints on numerical models discussed.

1. Introduction

Since the pioneering work of Charney (1947) and
Eady (1949), baroclinic instability has been accepted
as a major source of propagating synoptic-scale dis-
turbances in midlatitudes. The success of the theory
in predicting approximately the scale, growth and
structure of cyclone waves is by now undisputed.

- Results such as those of Simmons and Hoskins
(1978) have extended the theory to the nonlinear
regime. Observational studies have shown it to be of
primary importance in atmospheric energetics and
in maintenance of the observed mean flow.

The application of linear theory to explaining dis-
turbance growth extends over most of the intensifi-
cation period, although nonlinear effects are impor-
tant in the mature and decay phases of cyclone life
cycles, (Simmons and Hoskins, 1978). As this work
is concerned with the initial growth stage, linear the-
ory will be used throughout.

Most models, including those mentioned above,
have begun with the assumption of a perturbation
of normal mode form or of infinitesimal amplitude
so that normal mode structure prevails over the rel-
evant time of the study. The original work of Char-
ney and Eady cast the quasi-geostrophic equations
into an eigenvalue problem and extracted only the
exponentially growing and presumably negligible
companion complex conjugate decaying modes. Suit-
ably generalized to the flow in question, these were
used as initial conditions in most subsequent studies.
It has long been recognized (Orr, 1907; Case, 1960;
Pedlosky, 1979) that the discrete normal modes do
not form a complete set in the sense that an arbitrary
initial condition cannot be expressed as a sum of
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discrete normal modes of suitably chosen amplitude.
This defect was traced to the neglect of the so-called
continuous spectrum of neutral modes. These to-
gether with the discrete normal modes do in fact
form a complete set for the canonical problems of
Eady and Charney, as was shown by Pedlosky (1964)
and Burger (1966), respectively.

The careful reader may be troubled at this point
by the implication that these singular neutral modes
will play a key role in the development, as indeed
they shall. Perhaps viscosity no matter how small
would change completely the nature of the solutions.
While it is true that the Navier-Stokes equations
support a complete set of discrete eigenfunctions and
the Euler equations require a continuous infinity of
singular functions for completeness, yet it appears
true that predictions based on the inviscid equations
are valid in the limit of vanishing viscosity, even
though this is a singular perturbation in the sense
of the theory of differential equations. The question
is examined in an exchange between Case (1961)
and Lin (1961).

All flows discussed in the following will be assumed
inviscid. :

The method of analysis employed by Pedlosky and
Burger is that of Case (1960) in which the Couette
problem was cast into initial value form. The result
is a combined Fourier-Laplace integral for the space
and time evolution of the initial perturbation. The
inversion of these integrals is, in general, a formi-
dable task and results were obtained for the asymp-
totic limit of long time only. This limit revealed not
surprisingly that the exponential growing normal
mode, where present, dominated the solution. In the
Couette flow, where there exist no exponentially
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growing modes, the contribution of the continuous
spectrum was found to decay algebraically with time
and the controversy over the order of this decay
(Brown and Stewartson, 1980) seems to have been
settled in favor of Orr’s original result: the stream-
function decays as 12

The contribution of the continuous spectrum in
baroclinic problems is a matter of some subtlety. In
the Eady problem, Pedlosky (1964) found that for
wavenumbers for which there were exponentially
growing modes, the contribution asymptotically de-
cayed but for the neutral solutions at wavenumbers
above the cutoff of exponential instability, the con-
tinuous spectrum combined with the neutral waves
to give a neutral asymptotic solution. The Charney
problem was shown by Burger to have a similar al-
gebraically growing contribution associated with the
continuous spectrum at the discrete neutral points
and decay elsewhere where exponentially growing
discrete normal modes were found.

In order to study the small time limit of the initial
value problem in the most transparent manner, a
major simplification will be employed: a single wave-
number in the horizontal will be'used. This precludes
potentially interesting interference effects arising
from the Fourier inversion of Case (1960). The per-
turbation will be assumed to have infinite horizontal
extent and a fixed wavenumber. Multiple wavenum-
bers which would be appropriate to localized per-
turbations will be only briefly considered.

To explore these ideas, a simple problem for which -

a closed form solution exists will be examined first.

2. The Couette problem

‘Taking u(z) as the velocity profile of a plane-par-
allel inviscid shear flow, confined between horizontal
boundaries at z = 0, 1 and ¥(x, z, t) as the pertur-
bation streamfunction, the nondimensional, linear-
ized equation of motion is:

d2? ox (1a)

(a

The Couette problem results when the velocity is
made linearly increasing with z: u = z for which (1a)

&
+ u(2) —)VZ\II -~ —E v _ 0,

becomes ‘
?] A\,
| (6t +z az)V ¥ = 0. (2)
Solutions are assumed of the form
¥ = U)o, 3)
Substituting in (2):
(z~- c){—— - kz}tﬁ (4)

3
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Eigensolutions of (4) must satisfy
a%p ) '
32 -k V/ 0, (5a)
Y(0) =y(1) =0 (5b)
Two linearly independent solutions of (5a) are
¥ = sinhkz,
¥, = coshkz. —

Of the general solution ¢ = A4 sinhkz + B coshkz,
(5b) requires

B=0,
A sinhk + B coshk = 0,

which implies A = - B = 0, so there exists no such
solution. ’

Nevertheless it is seen by inspection that a general
solution of (2) has the form for arbitrary G(x, z):

VA = G(x — zt, 2). (6)

This problem is an extreme example of the incom-
pleteness of the eigenfunctions, having none at all.
Yet it is clear from (6) that the equation is valid for
any initial condition.

The resolution of this dilemma proceeds from a
closer examination of (4) (Case, 1960). There are
in fact two classes of solution: The above sought dis-
crete eigenmodes, which class is empty, and solutions
satisfying -

& ’
(-— — kz)G(z, z0) = 8(z — zp). (7)
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When the boundary condition (5b) is 1mposed it
is easily verified that

sinhkz. sinhk(1 — z>)

6z, 20) = - ksihk 0B
where
{z if z<z
z. =
Zo if z= Zy
zZ>2

{z if
z, =

Zo if z< Zg .

In this case of linear shear, the simple identifi-
cation of the continuum normal mode with (8) is
completed by setting
%)

Using (3), the solution of (4) for an initial pef-

C=2Z5.
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turbation of wavenumber k, ¥, ,(x, z, 0) = ¥ (z)e**
is

1
ilx, z, 1) = f G(z, zg)e™*x 20"
0

A ol a0

0z, 02

which may be verified by substitution.
Using (9), (10) can be written as an integral over
the normal modes:
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1
wlx, z, 1) = f G(z, c)e =D
. (i}

X {(:—; - kz)%,k(c)}dc.‘ (11)

For a fixed eigenvalue ¢, G(z, ¢) may be interpreted
as the eigenfunction and {(8%/3z¢> — k*Wo(2o)}zo-c
as the corresponding amplitude.

Assuming Yg(z) = ¢ sinmwz coskx, the term in
curly brackets in (10) becomes —c[(mn)* + k?]
sinmwz coskx. Substituting this and (8) in (10), re-
peated integration by parts and taking the real part
produces the closed form solution (Orr, 1907):

{sinhk cos[kx + (mm — kt)z] — sinhk(1 — z) coskx

_ ok + (mm)?)
¥ix 2,0 === sinhk

The long time asymptotic behavior of the stream

" function is O(z7%) but the appearance of the term -

[k* + (mm — kt)?] in the denominator suggests that
for some time after an initial perturbation the dis-
turbance may grow.

It is important to note a possible difficulty in in-
terpreting the nonexponential growth of perturba-
tions. If the amplitude of the initial perturbation in

— sinhkz cos[kx + (mn — kt)]}/[k* + (mm — kt)?]

— {sinhk cos[kx — (mm + kt)z] — sinhk(1 — z) coskx (12)
— sinhkz cos[kx — (mm + kt)]}/[k* + (m=x + kt)?]
The ratio
E(tw) _ [K*+ (ma)?]
E(0) 2k?
B 4(mw)*> tanhk/2
X {1 [+ (may] k)2 } (14)

this linear problem is held fixed as the vertical wave-
number is increased, in an attempt .to explore the
initial value problem dynamics, an ambiguity arises
because the energy per unit length in x, given by

k [k
E=— f (¢x2 + \bzz)dXdz’ (13)
. 47 Jo )

increases with m. Although in problems of interest
in meteorology the streamfunction itself represents
a pressure perturbation, the constancy of which may
have physical justification as vertical wavenumber
is changed, most results below are displayed in terms
of perturbation total energy normalized by the initial
total energy, which shows the growth of perturba-
tions in the most easily interpreted form.

The total energy (13) may be evaluated approxi-
mately both for t = 0 and for the approximate time
of the maximum of (12), z,, = mn/k:

(k> + (mm)?)

E(0) = K2 s
- Ak + (mn)*)? |
Eltn) > =5
__4(mw)’ tanhk/2
% {1 K+ Qmn)e  k/2 }

is plotted as a function of k and m in Fig. 1a. Note
that although the plot is continuous for clarity of
presentation, only integer values of m satisfy the
boundary condition (1b). The maximum energy oc-
curs for longest horizontal and shortest vertical scale.
An estimate of growth rate is made by dividing the
maximum of energy by the time it occurs after the
initial perturbation ¢,, = mwn/k; the result is plotted
in Fig. 1b. The maximum growth rate occurs for k
~= 3.0, suggesting a scale selection for “burst” gen-
eration in exponentially stable flows, when the rel-
evant mechanism is extraction of mean flow energy
by perturbations of stochastic origin.

The evolution of the streamfunction is calculated
from (12) for k = 3.0 and m = 6 and the magnitude
shown as a function of time in Fig. 2a, b. Also shown
(Fig. 2¢) is the exact normalized energy as a function
of time, calculated from (12) and (13) and the ef-
fective growth rate 2kc,, = 1/EdE/dt (Fig. 2d).

There appear to be three stages in this growth: a
relatively quiescent period immediately following the
perturbation, a period of rapid growth and a period
of rapid decay to the asymptotic phase where the
perturbation decays as ¢ 2 Only this last stage is
addressed in traditional asymptotic treatments.

Note that the rapid growth of the perturbation is
coincident with a decrease in the vertical wavenum-
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"F1G. 1. (a) Approximate maximum normalized kinetic energy
for the Couette problem as a function of perturbation horizontal
wavenumber k and vertical wavenumber mn. (b) As in (a) but for
approximate growth rate of perturbations.

ber, a phenomena that will be referred to in the fol-
lowing analysis.

3. Discussion of the Couette problem

As an example of the initial growth of perturba-
tions, the Couette problem is particularly attractive
because it is by far the simplest -and displays much
of the relevant physics. With this solution as an anal-
ogy, the results to be obtained for baroclinic flows
will be introduced and some preliminary comments
made.

We note first that even when linear perturbation
theory predicts no instability, it cannot be concluded
that the flow is stable. If neutral solutions exist, then
stability can only be ascertained by examining
higher-order terms in the perturbation expansion.
Even when we are fortunate enough, as in the above
example, to be in possession of a complete set of

JOURNAL OF THE ATMOSPHERIC SCIENCES

VOLUME 39

modes (for the linear problem) whose integral con-
tribution eventually decays, the amplitude of distur-
bance for which higher-order terms may lead to in-
stability is, in general, unknown. In fact the obser-
vation of small-scale inflection points appearing to
destabilize an otherwise stable flow in experiments
(Landahl, 1975) is interesting in this regard. These
observations make the fact that substantial increases
in amplitude result from linear theory especially im-
portant. .

In geophysical application it is often the case that
modest increases in amplitude suffice to explain an
observed phenomenon. For example, a 1 mb initial
perturbation in the geostrophic streamfunction grow-
ing by an order of magnitude to 10 mb would be a
significant deepening. ‘

The equations describing baroclinic and barotropic
waves are very similar to those which we have ex-
amined. Although the interpretation of terms is dif-
ferent, a parallel phenomenon is seen and even when
exponentially growing modes are present, the initial
growth can dominate the solution over relevant time

“scales, that is; the normal mode structure develops

only after significant growth has occurred by this
alternate mechanism.
Returning to the example of parallel flow of an

 inviscid fluid, an energy integral may be obtained in

the standard way:

d J‘ll - I J‘l -

L1 2@z Nz = .

ar e 2(% +y.)dz A Up.dz, (15)
where

(...) = lim f ( Ddx.
This relates the increase in disturbance energy to the
work done on the perturbations by the Reynolds
stress. Parallel expressions exist for baroclinic and
barotropic flows (Pedlosky, 1979). While no normal
modes exist for which the relative phase of the ver-
tical and horizontal velocity is such as to render the
right-hand side of (15) positive, an initial pertur-
bation may have this property or as happened in the
above may acquire it by virtue of being sheared by
the basic state flow. (Incidently, this explains the
slow initial phase growth in the above solution (Fig.
2d); ¥, and ¢, are initially in quadrature.) This phe-
nomenon is familiar to students of meteorology from
the work of Pedlosky (1970), whose small amplitude
waves continue to grow through a large part of the
vacillation cycle, after the nonlinear terms have sta-
bilized the flow to normal mode perturbations. This
occurs because the disturbances are still in possession

-of relative phases which result in their extracting

energy from the mean flow. If, by a conspiracy of
intent, the initial condition were of this form, the
same solution would of course be found even thoigh
the flow was not initially unstable.
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F1G. 2. (a) Magnitude of the streamfunctions for the Couette problem as a function of time for perturbation
horizontal wavenumber k = 3.0, and vertical wavenumber / = 127. Time is scaled by mn/k: f= t/(m7r/k)
Streamfunctions for 7 = 0. 0, 0.25, 0.50, 0.75, 1.0. Idcmlﬁcauon is direct as midlevel values of |¥| increase
monotonically with time. (b) As in (a) except for / = 1.0, 1.25, 1.50, 1.75, 2.0, 2.25 and mid-level values of
|¥| decrease monotonically. (c) Exact normalized energy as a function of time for the example in (a). (d)
Energy growth rate 2kc,, = (1/E)dE/dt) as a function of scaled time 7 = ¢/(m=/k), for the example in (a).

The energy integral (15) places an upper bound
on the growth rate of perturbations. From (15):

dE _d ['1

——— l _ -r
9 _ 4 '] 53 + T2z < Ul [ W,

which together with the inequality

¥l + 9.7 = 2
gives
1 dE
E dt IU |I'DBX .

The example in Fig. 2d obtains ~70% of this
maximum.

The inviscid incompressible Navier-Stokes equa-
tions in two dimensions possess two independent in-

tegral invariants: energy and enstrophy which is the
integrated square vorticity. The conservation of en-
ergy is familiar and the equations are often written
to explicitly display the conservation of vorticity.
Vorticity is conserved point by point, so any other
function of vorticity when integrated over the domain
of flow, is also a conserved quantity but is not an
independent invariant. In the case of quasi-geo-
strophic flow, the energy and pseudopotential vortic-
ity are the parallel conserved quantities (Charney,
1973). The reader is cautioned that these quantities
are conserved by the complete equations; however,
the linearized equations can be closed by including
the second-order corrections to the mean flow (Ped-
losky, 1979). If the evolution of an initial disturbance
is viewed as the trajectory of a point in a suitably
defined phase space, then the integral invariants limit
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F1G. 3. (a) Phase speed cg and 'growth rate k¢, for the discrete
normal modes in the Eady problem. There is also a complex con-
jugate decaying mode for 0 < k < 2.3994. (b) Normal mode
streamfunction amplitude at horizontal wavenumber k,, = 1.6062
for the Eady problem. An example of the continuum normal modes
at ¢ = 0.7 is shown. (c) As in (b) except for k = 3.0 in the neutral
region.

this trajectory to surfaces which satisfy energy and
vorticity conservation. These constraints potentially
limit the extent to which a perturbation to a basic
state may grow. For the case of stationary, plane,
curvilinear, inviscid and incompressible flows the fol-
lowing can be shown by integral techniques to hold
for small perturbations (Arnol’d 1965):

f (W) + — (A‘P)zdxdz =

VA\I' (16)
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where ¢ = {(x, z, t) = perturbation streamfunction,
and ¥ = ¥(z) = streamfunction of the basic state.
The ratio appearing in (16) is well defined, because
stationary requires V¥ and VAW be parallel.
In our examples, V¥ /VAVY = U(z)/U"(z), so that
(16) may be written

d 2 2
EJ‘ (V) + 7” (A\ﬁ) dxdz =

The Rayleigh and Fjortoft theorems (Charney,
1973) are immediate consequences of (16), because
a change in sign of '

(17)

U
— 8
UI/’ (1 )

in the domain of flow may allow arbitrary growth.
In fact, this integral constraint extends these results
as shown by the examples in Arnol’d (1965).

Concentrating on the case of stable flows with U/
U” > 0 it can be seen that (17) permits the energy
of the perturbation to grow at the expense of the
enstrophy. Furthermore, the extent to which a
change in enstrophy is able to be traded for increased
energy is governed by the term U/U".

. For these problems, the stability is not affected by
the addition of a uniform velocity to the basic state,
U. The choice resulting in the tightest bound from
(17) is preferred. For instance, Fjortoft’s theorem
results when U = 0 is coincident with the inflection

F(z) =

“point U” = 0.

As an example, the basic state
2

€z
Uz)=z+ 5

gives for (18):
F(z) = (19)

which for ¢ — O allows arbitrary large increases in
energy for a decrease in enstrophy. Note that this
limit corresponds to the Couette problem. Indeed it
is easily verified by inspection of (2) that, despite the
change in vertical wavenumber and energy entailed
in the examples above, the enstrophy remains con-
stant. If F(z) is viewed as an indication of the po-
tential of a basic state to exhibit initial value growth,
then the Couette problem at first glance appears to
have unlimited potential. For other basic states the
bound is tighter, as can be seen by allowing € large
in (19). The Couette problem is exceptional in the
sense that while (16) fails to provide a tight bound
on the growth of perturbations, a much better bound
can be obtained (Appendix A).

Of course, there is no guarantee that the detailed
dynamics of a perturbation will give rise to a decrease
in enstrophy and concomitant increase in energy, but
this is usually observed for high enstrophy initial
conditions.

z + (e2%/2)
e ’
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FIG. 4. The energy growth rate 2kc,,, = (1/EXdE/dt) for the Eady problem with horizontal wavenumber
k. = 1.6062 and initial perturbation vertical wavenumber / = m=, with m = 0, 2, 4, 8, in (a), (b), (c) and

(d), respectively.

If the vertical wavenumber is large, there is po-
tential for great energy growth even for modest val-
ues of F(z), as can be seen by noting that the ratio
of enstrophy to energy for (z) ~ sinmz is:

(M) /(W) =~ m’.

Although (16) gives no bound in the case of un-
stable flows for which F(z) changes sign in the do-
main, the initial value growth mechanism continues
to operate, as will be shown by examples to follow.
In fact, low vertical wavenumber normal modes,
whether neutral or unstable, appear to be efficiently
produced by this mechanism, resulting in initial
growth rates much higher than would be expected
from an examination of their eigenvalues. It is im-
portant to note in this connection that these discrete
and continuous normal modes have no orthogonality
properties, so that no result of the kind expressed in
Parseval’s theorem (Jeffreys and Jeffreys, 1956) ex-

ists. Because of this, it is possible for a high ampli-
tude discrete normal mode to be present in the ex-
pansion of a small initial perturbation, only to be
revealed when the continuous spectrum decays away.

4. Baroclinic initial value problems

The behavior of small perturbations to a baroclinic
fluid in zonal fiow is governed by the linearized equa-
tion expressing the conservation of pseudo-potential
vorticity (Pedlosky, 1979):

d 9 ay oIl
—+U—|g+——=0, 20
(az v 6x)q ax 9y (20a)
with a boundary condition requiring the vertical ve-
locity to vanish on rigid horizontal surfaces:

(Ero)R-2n_,
at ox

9z 0z dx (20b)

z=Ova’
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F1G. 5. Streamfunction amplitude for the examples in Fig.-4, as a function of height z. Samples are taken
at¢t=NAt,N=0,1,2---9, At = 2.5. Identification is direct as surface values of |¥| increase monotonically

with time.
where:
x eastward coordinate
y northward coordinate
z height
U(z) basic state zonal velocity
¥ perturbation geostrophic streamfunction -

q VA + (1/pe)(8/02)[ep(8¢/z)]

(perturbation potential vorticity)

€ f*/N? (square ratio of the Coriolis parameter
to the Brunt-Viisdld frequency)

P density

o, B - (3°U/8y*) — (1/pe)(8/02)[ep(8U/dz)]

(meridional gradient of potential vorticity
of the basic state)

8 df/oy.

Notice that (20) is made to correspond to (1) ex-
cept for the boundary condition

¥:(0) = ¥:(zr) = O,

by considering the boundary as a é-function in =,
(Bretherton, 1966; Lindzen et al., 1980); this is ac-
complished by bending the velocity profile U(z) in
the immediate vicinity of the boundary so that U,
=0,z=0, zp. ' '

The energy integral for the y-independent pertur-
bations is

‘1_E'_—é'~ ZTB ___i e
dt dt 02[(‘[’):) +6(¢z) ]dz
=sz Ly

o P9z ox 0z %

Comparing this with (15), the structure of the
equation is the same but the terms on the left-hand
side are interpreted as kinetic and potential energy,
respectively, while the source on the RHS is heat
flux down the global temperature gradient. It is ex-
pected that an initial perturbation which results in

(21
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F1G. 6. As in Fig. 4, except for k = 2.4.

the RHS of (21) being positive or which obtains this
correlation under the action of the basic-state shear
will exhibit initial growth. '

The energy integral (21) places an upper bound
on the growth rate of perturbations in parallel with
that derived in Section 3 for the inviscid shear flow:

1 dE :

— =<

E dt |‘/;Uz|max .
This bound is approached in examples to follow.

The result of Arnol’d has been generalized to

quasi-geostrophic flows (Blumen, 1968). The twin
constraints of energy and potential vorticity conser-
vation require that perturbation energy and enstro-
phy be related as the disturbance evolves by

d zT — —_—
p J; (¥ + &.”)
_; U(z) =
Y a_U)""z -0, (2)
pe 0z pe 0z

where the boundary terms have been absorbed by
bending U(z) so U, = 0 at the boundaries and the
B-plane approximation has been made.

The criterion for stability:

F(z‘) = —U(Z)/[B -1 (pe ?_Q)] >0,

pe 0z dz

implies for an exponentially stratified atmosphere
that p = pee~*/#, with ¢ constant so that

—U(z)/(ﬁ + % - U,,) > 0.

The fluid is stable if 8 + (U,/H) — U, is of one
sign, in which case a frame of reference velocity ex-
ists for which F(z) > 0 and the initial growth mech-
anism would allow the energy of perturbations to
grow as described above; whether the potential
growth is realized would have to be determined by
solving (20) for any particular initial condition.

The above criterion has been exploited to produce
a flow stabilized to exponentially growing distur-
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F1G. 7. As in Fig. 4, except for k = 2.4.

bances by modifying U(z) (Lindzen et al., 1980):

M,=+2-U,>0 0<z<z,.

. H

The response of such a flow to an initial disturbance
is examined in Section 9.

In summary, we will show that baroclinic flows
can exhibit non-normal mode growth of an initial
perturbation whether the flow supports exponentially
growing normal modes or not. :

5. Preliminary discussion of baroclinic initial value
examples

The canonical examples of baroclinic instability
for the quasi-geostrophic equations are the solutions
of Charney (1947) and Eady (1949). These have
been shown to possess a complete set of normal
modes when the discrete normal modes (there are
two for every horizontal wavenumber except for iso-
lated neutral points in the Charney problem) are

augmented by the continuum of neutral modes (Ped-
losky, 1964, Burger, 1966). The solution is found in
terms of a Laplace transform of the relevant Green
functions in the manner of Case (1960), who used
this formalism for the Couette problem. The initial
value problem is solved by inversion of these trans-
forms. Unfortunately, the Greens functions, while
simply expressed in terms of the solutions of the
equation, result in cumbersome Laplace inversions.
Initial value results were confined, in the above-men-
tioned investigations, to the long time asymptotics
which show the familiar discrete normal mode spec-

. tra and decay of the continuum contribution. The

exception was the Eady neutral waves where a com-
ponent of the continuous spectrum combines with the
neutral discrete normal modes to produce an O(1)
asymptotic contribution and the isolated neutral
points of the Charney problem where the continuum
contribution grows by O(¢).

The initial growth of perturbations could, in prin-
ciple, be found by inverting numerically the Laplace
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transform but this approach presents many difficul-
ties. Instead, the resuits to be presented below were
derived by integrating the equations for different
initial conditions. The method employed (Appendix
B) was to assume normal mode solutions:

¥Mx, z, 1) = Ya(2)e N, (23)

and finite difference (20) in z. The resulting matrix
was then resolved into normal modes Yy, using the
highly efficient QR algorithm (Wilkinson, 1965).

An initial perturbation can be projected on these
normal modes and the streamfunction 0(x, z, ) at
later time found by summing over (23):

0(x, z, t) = 20 appa(z)e>—en) (24)

where

Yamz) Nth normal mode
¢y = complex phase speed of Nth normal mode
ay projection of initial condition on Y(z).

The advantage of this method is that once the ei-
genvectors and eigenvalues have been extracted for
a given horizontal wavenumber k, the integration for
various initial conditions requires little computa-
tional effort. In addition, the projection of the initial
condition on the discrete normal modes immediately
reveals to what extent they are excited. The fact that
the complete set of normal modes are independent
but not orthogonal, allows the amplitude of initial
excitation of exponentially growing modes to be large
for a relatively modest initial disturbance.

The disadvantage of this method is that it requires
the approximation of the continuum spectrum by a
finite number of modes, or equivalently, the approx-
imation of the continuous atmosphere by a finite
number of levels (Pedlosky, 1979). Experience shows
that accurate solutions for vertical wavenumber-4
perturbations require no more than 50 levels, al-
though as many as 150 levels have been used to check
accuracy.
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FIG. 9. As in Fig. 4, except for k = 3.0.

6. The Eady problem

The Eady problem results when (20) is restricted’

to 8 = 0, IV constant, the Boussinesq approximation
is made, the shear assumed linear [U(z) = Az], and
horizontal boundaries are imposed atz =0, 1:

- 5)(:—;)2—2 - W) =0, (25a)
(Z~W:—¥=0, 2 (25b)

where solutions for infinite meridional scale of the
form Y(x, z, t) = Y(2)e**~ have been assumed and
the following nondimensionalization made:

0,1,

k kH / \/e- (nondimensional horizontal wavenum-
ber)

z/H (nondimensional height)

tAVe (nondimensional time)

scale height

fIN?

m E ~ N,

f Coriolis parameter
N Brunt-Viisild frequency
A 9U/3z (shear of mean flow, assumed constant).

For reference we note that typical midlatitude values
of constants

B 1.6 xX 107" s!m™
H 8X10°m
f 105!
N 1072571
A 125X 107357},
so that k is related to dimensional wavelength by
H2r 5X10°m
= = ——— 26

A 7 7 (26)

and { is related to dimensional time by
L~ 2n @n

{ =
AVe
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indicated by a dashed line. (b) Normal mode streamfunction amplitude at k,, = 1.0, together with the continuum
normal mode at'c = 0.7. (¢) As in (b) except for k = 1.8. (d) As in (b) except for k = 6.0.

It is important to note in evaluating quantities
which are functions of ¢ that a unit of nondimensional
time is related to dimensional time by the inverse
shear. Here we have assumed a 10 m s™' zonal ve-
locity at 8 km resulting in a 22 h ¢, but three- or
even four-times this velocity may be appropriate to
strong jets resulting in a 6-8 h ¢.

Tildes will be dropped in the following.

The eigenvalues of the discrete normal modes are
shown in Fig. 3a. There are two such modes at each

value of the horizontal wavenumber k. For 0 < k
< 2.39994 these correspond to complex conjugate
modes, one growing and one decaying; for k > 2.3994
there are two neutral waves. The maximum growth
rate occurs for k,, = 1.6062. Normal mode structure
at k,, is shown in Fig. 3b along with an example of
the continuous spectrum at ¢ = 0.7. Fig. 3c shows
the normal mode structure at k = 3.0, in the region
of neutral discrete normal modes.

Because the long time asymptotic limit of an ex-
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ponentially unstable wave has an energy growth
E(t)/E(0) = *, the results of initial value inte-
grations for unstable waves will be displayed by plot-
ting the instantaneous growth rate

1 dE
2kc; Edr

Integrations were performed for k = k,, and initial
perturbation vertical wavenumbers, I = mx, m = 0,
2, 4, 8. The growth rate as a function of time is
shown in Fig. 4. Associated streamfunctions are also
shown in Fig. 5. The region of neutral discrete nor-
mal modes at k = 2.4 yields the results in Figs.
6 and 7, and k = 3.0 yields the results in Figs. 8
and 9.

We are fortunate in the case of the Eady problem

in that there exists a solution for arbitrary k and m

= 0 in terms of a definite integral which is easily
evaluated numerically (Simmons and Hoskins, 1979).
Solutions generated for m = 0 by the matrix method

described above were found to agree with this in-
dependent solution.

7. Discussion of Eady solutions

For orientation purposes some rules of thumb are
noted first. The mechanism of initial value growth
is similar to that described in the Couette problem,
except for the reinterpretation of variables previously
remarked on. The quantities ¥, and v, are initially
in quadrature so the growth rate is zero at z = 0. As
the perturbation is sheared by the mean flow, it ac-
quires correlations and begins to extract energy from
the mean flow. The time scale for this process is 7
= [/k, the ratio of the vertical to horizontal wave-
numbers and the energy extracted increases with
vertical wavenumber.

Comparing Figs. 4 and 6, the surprising result is
found that for a wavenumber of 4 in the vertical
initial perturbation and for times as large as t = 5,
corresponding to much of the geophysically relevant
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!

interval, the neutral wave at k = 2.4 grows as rapidly
as the most unstable wave at k,, = 1.6062. This be-
havior persists down to vertical wavenumber 1, al-
though over a somewhat shorter but not insignificant
interval in time. It would seem, from the observation
that neutral waves are able to grow in surface per-
turbation pressure by nearly three orders of mag-
nitude and by a factor of 100 over a shorter time
than the most rapidly growing exponential wavenum-
ber, that more emphasis should be placed on the ex-
citation of disturbances than has previously been the
case.

The neutral waves at k = 3.0 (Figs. 8 and 9) ex-
tract large amounts of energy from the mean flow
for large m and, being equally excited and nonor-
thogonal, undergo a vacillation cycle (Lindzen et al.,
1982) with a period given by

_2r/k
Ac ’

(28)

where Ac is the difference in normal mode phase
speeds.

For k = 3.0 the normal modes have phase speeds
of ¢, = 0.66 and ¢, = 0.33 resulting in a period from
(28):
2w /3
0.33

as may be verified by examining Fig. 8. In Fig. 9,
the streamfunction snapshots reveal the periodic vac-
illation in amplitude as the interference progresses.
The region of dense samples should be viewed as
an approximate envelope as the amplitude changes
rapidly between samples.

T= = 6.35,

8. The Green problem

A more realistic model results when the g-effect
is included. To this end (20) is restricted to linear
shear, U(z) = z, the 8-plane approximation is made,
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F1G. 13. As in Fig. 11, except for k = 6.0.

the Boussinesq approximation is made and rigid hor-
izontal boundaries are imposed at z = 0, H. The
.nondimensional equation is (Lindzen et al., 1980)

(z - C)(gi - kz,)w + n =0, (29a)
(z—cW,—¢=0, z=0,1, (29b)

where the geostrophic streamfunction has been as-
sumed to_take the form

. ‘I’ = ‘l/(z)eik(x-—ct)
and .

. H ’
r= EX stability parameter.
€

This nondimensional equation has one stability pa-
rameter r, which for midlatitude scaling is

L_BH _ (16X 10 s m™)(&X 10°m) _
A (IX107)(1.25 X 107 s7Y)

~ 1.0,

'With the choice r = 1.0, the eigenvalues of the dis-

crete normal modes are as shown in Fig. 10a. There
are two such modes at each value of k, an exponen-
tially growing mode with the eigenvalue shown and
a complex conjugate decaying mode not plotted in
Fig. 10a. In addition, for k¥ < 1.3 in the so-called
Burger mode, there exists a third (neutral) normal
mode with retrograde phase speed indicated by the
dashed line in Fig. 10a. _

Eigenmodes are shown in Fig. 10b for £k = 1.0 and

-in Fig. 10c for k,, = 1.8 near the maximum expo-

nential instability wavenumber and at & = 6.0.

Integrations were performed for k = 1.8 and initial
perturbations of vertical wavenumber / = mnr, m
=0, 2, 4, 8, with the results shown in Fig. 11. Stream-
function amplitudes are also shown (Fig. 12). In ad-
dition, results were obtained for k = 6.0 (Figs. 13
and 14). :

The maximum exponential normal mode growth
wavenumber k,, = 1.8 benefits marginally from the
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F1G. 14. As in Fig. 12, except for k = 6.0.

initial value growth and, in fact, is weakened out to
t = 10 for m = 4, the correlations being set up slowly
for this case (Figs. 11 and 12). The surprising result
is the rapid initial growth of the £ = 6.0 wave, for
vertical wavenumber / = mw, m = 2 and m = 4 seen
in Figs. 13 and 14. The very rapid initial setup of
the short wavelength k = 6.0 mode suggests a role
in cyclogenesis which will be discussed further in the
sequel. .

The case of Fig. 15 and Fig. 16 with k = 1.0 must
be interpreted with caution as these long waves can
be expected to penetrate many scale heights in the
absence of an upper boundary, being the continua-
tion of the neutral waves in the Charney problem
(Charney, 1947).

The very small growth rates of the exponential
normal modes for these long waves fail to dominate
the solution until late in the development of the initial
value problem, so that the normal mode growths may
not be relevant to the excitation of the waves, a result

that can be expected to persist in more realistic mod-
els. In addition the m = 0 example suggests that if
the atmosphere supports retrograde neutral long
waves of whatever origin, these will be excited in the
initial value problem (say when the mean flow
changes abruptly) and lead to vacillation with the
slowly growing exponential modes (Lindzen et al.,
1982). The period for k = 1.0 with ¢ = —0.417, 0.285
is, from (28)

_ 27 /1.0
0.285 + 0.417

as may be verified by examination of Fig. 15.

The streamfunction magnitudes of Fig. 16 should
be regarded as outlining an envelope with individual
snapshots taken as the wave interference progresses.

_As was noted above, the neutral retrograde normal
mode also exists in the Charney problem and this
was verified by removing the upper boundary to
Z1 =16 and imposing a radiation condition (Lindzen

= 8.95,
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et al., 1980). It is identified as the extension of the
neutral normal mode found by Burger (1962) and
Miles (1964), and may be the analogue of the west-
erly waves seen in the atmosphere (Pratt and Wal-
lace, 1976). ‘

.. If the Boussinesq approximation is relaxed and the
lid removed to great height, stratification enhances

the effective growth in the stratosphere, so that a.

large response may develop from a small initial per-
turbation if the eigenfunctions involved have initially

cancelling amplitudes in this region. A change in the -

mean zonal wind could lead to a large stratospheric
" response similar to the onset phase of sudden warm-
ings. The fact that one of the modes responsible for
the amplification is neutral, is of little consequence
because ‘the excitation results from initial value
growth and, in fact, the exponentially unstable com-
panion wave has such a small growth rate that it
behaves as a neutral wave over relevant time scales.

Work to be reported elsewhere will more fully ex-
amine the phenomena outlined above.

9. An equilibrated flow

Recent work has focused attention on linearly
equilibrated zonal flows (Stone, 1978; Lindzen et al.,
1980; Lindzen and Farrell, 1980). An example of
such an equilibrated stationary solution is the above
problem with the zonal velocity «(z) modified to ren-
der ¢q,>0 everywhere and u=du/dz=0 at z
= 0 (Lindzen and Farrell, 1980): -

d’u
r—;z—2=0, 0<z<l, (30)
which has the solution for the above boundary con-
ditions:
U@ =7 2, (31)

which for r = 1.0 gives the stable to exponentially
growing normal mode velocity profile

22
U(z)=5, O<z<l. (32)
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Integrations were performed for k= 3.0, and
initial perturbation vertical wavenumbers / = mm,
m =0, 2, 4, 8. The growth rate as a function of time
is shown in Fig. 17 with associated streamfunctions
(Fig. 18). '

At first glance, it may seem that with the potential
vorticity of the mean equal to zero throughout the
interior and at the lower boundary, that a severe
restriction on growth of the kind detailed in Appen-
dix A for the Couette problem could be imposed.
However, there is a source of vorticity in the region
of the upper boundary and examination of Fig. 18
shows that the high vertical wavenumber perturba-
tion grows rapidly near this boundary, obtaining two-
orders-of-magnitude amplification of perturbation
pressure for m = 4.

Perturbations to this exponentially stabilized flow
extract energy as an initial value problem and obtain
maximum perturbation amplitude at the upper level
in contrast to the Green normal mode (Fig. 14),

which has its maximum at the lower boundary. We
note - that model studies (Simmons and Hoskins,
1978) have found similar behavior of disturbances
in equilibrated mean flows. Although nonlinear ef-
fects are important in their work, the parallel is none-
theless suggestive.

The energy extracted from the mean is deposited
asymptotically in two neutral waves with phase
speeds ¢; = 0, and ¢, = 0.165, resulting in a vacil-
lation as discussed previously with period from (28)
of

_ 2x/3.0

T 0.165

=12.7,

which may be verified by examination of Fig. 17.

It is remarkable that a phase-speed zero wave
which supports no over-reflection (Lindzen et al.,
1980) obtains large amplitude in the initial value
problem.
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FiG. 17. As in Fig. 11, except for equilibrated profile (32).

10. Discussion and conclusion

Perturbations to stationary solutions of the equa-
tions for baroclinic flows are able to extract energy
from the mean state, whether exponentially growing
instabilities are allowed or not. In cases with such
exponential modes, the degree to which the mode is
excited is dependent on the initial condition so that
the initial setup of the instability may proceed much
more rapidly than would be predicted for the pure
normal mode initial condition.

If cyclogenesis is initiated by a finite amphtude
perturbation, the structure of the perturbation, in
particular its vertical wavenumber, is crucial to the
early stages of growth. The total amplification of a
disturbance to a geophysical flow may be only a few
e-foldings, say in going from a 2 mb depression to
a 20 mb surface cyclone, in which case the growth
may proceed to nonlinear equilibration without ever
obtaining discrete normal mode form. While not of

normal mode form, the growing perturbation will of
necessity exhibit the phase tilt to the west which
marks the extraction of mean-flow available potential
energy; it is necessary to look closely at the structure
of a wave to determine if it has reached normal mode
form.

The time required for the exponentially unstable
normal mode to dominate the solution depends on
the vertical scale of the initial perturbation, being
approximately f = //k. For the [ = 4« examples this
corresponds to nondimensional times of ¢ ~ 5 and
dimensional times from (27) of 1-4 days depending
on the shear. Beyond this time the exponential modes
dominate and the dynamics are described best using
pulse asymptotic analysis (Simmons and Hoskms
1979; Farrell, 1982).

A zonally localized initial condition can be ex-
panded in a Fourier series in zonal wavenumber k.
The magnitude of individual terms in this expansion
is primarily determined by the initial conditions out
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FiG. 18. As in Fig. 12, except for equilibrated profile (32).

to some time corresponding to a few days in dimen-
sional time. It is at least plausible that the growth
of the component perturbations will give rise to a

similar growth of the localized pulse. This argument-

does not constitute a proof that the interference ef-
fects embodied in the Fourier composition will pre-
serve the growth shown by individual wavenumbers.,
The evolution of a pulse and the effect of friction
will be examined in future work.

In the case of stable flows, friction would even-
tually damp out the neutral normal modes excited
by a perturbation or an impulsive spin up, and the
continuous spectrum contribution would be expected
to eventually decrease at least O(#%) as well. As it
is common experimental practice to achieve a steady
state and to decrease shocks to the system, the ab-
sence of persistent disturbances in annulus experi-
ments, outside the range in parameter space where
exponential instability is predicted, is not surprising.
Interestingly, it is necessary to be very careful to

reduce shocks in experiments exploring critical
Reynolds number for transition to turbulence.

A baroclinic wave which causes the equilibration
to exponential instability of a mean flow does not
immediately lose the velocity /temperature correla-
tions which result in the extraction of energy from
the mean and will continue to grow. As shown in
Section 9, the eigenfunctions, which are excited in
initial value integrations for an equilibrated flow,
have maximum amplitude and take energy from the
mean at high levels in the model atmosphere, cor-
responding to the region where II, > 0. This contrasts
with the eigenfunctions before equilibration which
have maximum amplitude and extract energy at low
levels.

If such equilibration of mean flows is as common
an occurrence as has been recently argued (Lindzen
and Farrell, 1980), then the secondary maxima of
heat flux and wave amplitude in the upper tropo-
sphere seen both in observations and model experi-
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ments (Simmons and Hoskins, 1978) is to be ex-
pected.

If zero vertical wavenumber is effective in pro-
moting growth of perturbations, then, as has been
shown above, higher wavenumbers are even more
effective. It is appropriate to ask if ‘such complex
vertical structure is found in the atmosphere.

It is unfortunate that observed profiles are usually
extensively smoothed, obscuring the information on
vertical structure; however, even in the smoothed
data there is found evidence of large-scale coherent
high wavenumber structure (Buzzi and Tibaldi,
1978, their Figs. 5 and 8; Hess and Wagner, 1948,
their Figs. 7 and 8). Whether this structure serves
as an initial condition in its own right or induces
structure on a quasi-barotropic perturbation would
be a subject for another investigation.

11. Application to cyclogenesis

It may be appropriate to indulge a speculation on
rapid cyclogenesis. The energy growth curves dis-
cussed in Section 8 bear a striking resemblance to
growth curves for initial stages of Alpine cyclogenesis
(Buzzi and Tibaldi, 1978, their Fig. 12) and data for
the initial stages of rapid cyclogenesis (Sanders and
Gyakum, 1980). Pulse asymptotic theory can be ex-
pected to apply to these examples eventually and
predicts the increase in horizontal scale noted as the
waves consolidate into normal mode form late in the
development (Simmons and Hoskins, 1979; Farrell,
1982). However, concentrating on the rapid first
stage of growth, the fact that a sudden change in the

wind velocity, whether from a trailing cold front

(Buzzi and Tibaldi, 1978, their Fig. 1) or an ad-
vancing trough (Sanders and Gyakum, 1980; Hess

and Wagner, 1948), is the immediate precursor of

the cyclogenesis suggests that a forced stationary
wave serves as the initial condition for the cyclo-
genesis. This mechanism agrees with the coincidence
of regions of explosive cyclogenesis and mountains
if we are willing to consider the Atlantic and Pacific
western boundary currents as “thermal mountains.”
The waves would have to be of large horizontal extent
A > 600 km, which rules out pure gravity waves but
agrees with observations of combined inertia-gravity
waves (Hess and Wagner, 1948). Some interesting
observations bearing on this proposed cyclogenic
mechanism are contained in Chung et al. (1976).

The manner in which these waves would, in the
course of collapsing, serve as initial perturbations for
quasi-geostrophic baroclinic waves is subject for a
model study. , )

Finally, we remark that if the growth of cyclone
waves is dependent on the vertical structure of the
initial condition to the extent found here, stringent
requirements are implied for vertical resolution, both
in observations and numerical simulations.
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APPENDIX A

The basic state for the Couette problem possesses
no vorticity and, in inviscid dynamics, there is no
other source of vorticity except the initial pertur-
bation. This fact may be exploited to obtain a bound
on the initial value growth.

Consider an initial perturbation of horizontal
wavenumber k and vertical wavenumber m:

Y = A, sinmnz coskx.
The energy from (15) is

E = %A (mx) + K2]. (A1)

The enstrophy is given by

E = fl l/z(kzxx + lZzz)zdz = 1/“’41'2[(’"7")4 + k4] (A2)
0 .

As £ is a constant for the flow, it must also be the
enstrophy of the mode which maximizes E. The prob-
lem of maximizing E subject to the constraint that
£ be constant and the boundary conditions (1b) are
met may be solved using the formalism of the vari-
ational calculus. For our purposes it is sufficient to
note that maximum energy is associated with mini-
mum vertical wavenumber and to choose the ap-
proximate maximum energy state as m = 1:

Ym = A, sinwz coskx.

If the initial perturbation has wavenumber mr
then the constancy of £ requires from (A2):

YA, (7t + k*) = A (m=r)* + k*).

Hence the initial and approximate maximum am-
plitudes are related by

(maz)* + k*
o+ k*
The approximate maximum energy from (A1) is
mx)* + k* % + k*
o + k* 4

Am2 —_ Aiz

Em =A,'2(

The ratio of maximum to initial energy is
En _ [(mﬂ')4 + k*r? + k2i||:(m1r)2 + kz:l_1
E; Ttk 4 4

_(mm)* + K a? + K
(mn)* + K2 o + k*

(A3)
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The limit £k — 0 is
== = m?, (A4)

whereas for k = = near the maximum of growth rate
we have ‘

E, m+1

E. m+1’° (A3)
which for m > 1 reduces to (A4). Comparing with
Fig. 1a, a parallel behavior is seen and the pertur-
bations fail to achieve these approximate maxima by
only a small factor. For example as k — 0, (14)
reduces to

. E, _(mx)’ 2
EE(}Ei 24 ~ 0.41 m*.

The above argument may be extended to the decay
phase of the initial value problem for which conser-
vation of enstrophy implies that the vertical wave-
. number will increase linearly with time to give a 2
decay in amplitude. Fig. 2b clearly shows this linear
increase in wavenumber. Of course, it would be pos-
sible for a perturbation to decrease in amplitude by
apportioning energy over many wavenumbers, so that

this argument must be generalized to a Fourier sum
(Charney, 1973).

APPENDIX B
With the substitution of (23), the linearized equa-

tion for the conservation of potential vorticity (20)
can be written:

Y
(2 + vik)(-# + Z)uce,
— ILik(z, 1) =0, (Bla)

(i + Uik) Wz U, =,
0z . Oz

ot
z=0,1. (B1b)

Forming the matrix operator V? = (—k? + 8%/9z%)

on N + 2 points by the usual finite difference ap-
proximation to derivatives and using (B1b) to elim-
inate the outlying boundary points allows (B1) to be
written:

;%szp = —ik[UV? - q,]¥ = 0.
%w = —ik[VZ'UV? — V2'q Jy.

Identifying A = —ik[V?>"'UV2 — V?"'q ] results in
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a matrix eigenvalue problem for ¥(z, #):

0
3 v = AY. (B2)

If A has N distinct eigenvalues, Ay then it has N
associated linearly independent eigenvectors Y. As
the matrix A is not symmetric, these ¥, are not in
general orthogonal. The solution to (B2) for initial
perturbation ¥(z, 0) is

¥(z, 1) = AEA™'Y(z, 0),
A=[¥ o ¥nl,

the matrix of eigenvectors,

where

M 0
E=| -

’

0 e
the matfix of eigenvalue exponentials.
The solution as a function of time is, from (23):
¥(x, z, 1) = Y(z, 1)e*.

With V? discretized using fourth-order differenc-
ing on N = 100 points, the QR algorithm requires
less than 10 min to extract the eigenvectors using the
modest DEC VAX 11/780 computer.
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