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Preface

Raroclinic instability is recognized as the major causal factor
in what is generally regarded as "weather" in midlatitudes: thé
synoptic scale cyclonic disturbances. Equally as important is the
role the waves resulting from this instability play in the maintenance
of the general circulation of the atmosphere. As a result this mecha-
nism has been extensively studied since its discovery in the pioneering
work of Charney (1947) and Eady (1949) . This work explores the behavior
of waves resulting from an initial disturbance to a baroclinic fluid
in two limits: that of long time and of short time. In the limit of
long time, the asymptotics of a localized perturbation to the canonical

model of Charney is developed and related to the observed spacial scales

and growth of cyclones. The short time limit is examined to gain an

understanding of the manner in which the asymptotic wave is set up from

an initial disturbance.

My interest in this problem was stimulated by work done onvarious
aspects of baroclinic instability under the guidance of my advisor
professor Richard Lindzen who suggested the study of meteorology and for

whose aid and encouragement through the years of my apprenticeship I am

deeply grateful.

I would also like to express appreciation for a summer fellowship

from the National Center of Atmospheric Research to attend the 1978

Advanced Study Program colloquium at NCAR, where some of these ideas
were first developed. I thank Dr. Arthur Rosenthal for kindly checking

sproximations related to his work and for lending his computer graphics
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expertise and Dr. R. Pierrehumbert for allowing me to attend his I
stimulating lectures at Massachusetts Institute of Technology. The E

work was supported by NSG GrantATM-78-23330 and by NASA Grant

NGL-22-007-228 at Harvard University.
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SYNOPSIS

This study examines the initial value problem in baroclinic
instability from two perspectives, the limit of long time and the
interval in time of the early growth. Part I contains the solution
of the long time asymptotic behavior of localized perturbations in
various model flows. Part IT concentrates on the set up of the

normal mode from a perturbation.
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CHAPTER I INTRODUCTION

Since its discovery in the work of Charney (1947) and Eady (1949),
paroclinic instability has been accepted as a major source of synoptic
scale disturbances in midlatitudes. The normal mode method of analysis
used in these early works and in most subsequent investigations makes the
agsumption of a solution infinitely periodic in the horizontal direction
and determines the space independent growth rate as an eigenvalue of the
resulting system of equations. The wavelength of the disturbance most
rapidly growing in time is then compared with observed synoptic cyclone
scales. The agreement found encourages the identification of these features
with baroclinic instability. However, this identification requires that
the response of the baroclinically unstable fluid to an initial perturba-
tion, which is most likely localized in space, will evolve into normal mode
form. Whether this happens can be decided within the restrictions of
linear theory by solving the appropriate initial value problem. In the
case investigated here it is found that as a function of distance from the
initial perturbation, widely different space scales dominate the solution,
calling into question the jdentification of maximally time growing normal
mode wavenumber with the scale of synoptic features.

As it is usually formulated, the IVP requires finally the double
inversion of a Fourier transform in space and a Laplace transform in time,
in general, a formidable task even for the simplest of models. Progress
has been made in the asymptotic evaluation of these integrals for large
time, in work done in connection with plasma instabilities (Briggs, 1964).
It is found that this limit is determined by the linear dispersion relation

generalized to complex frequency and wavenumber. An important conceptual

1=1




distinction is pointed out by the analysis -- that between the so-called
absolute and convective instabilities. In the former the response continues
to grow in time at every point which has been reached by the travelling
pulse; in particular, it continues to grow at the point of excitation. 1In
the latter the instability is carried along with the flow so that despite
its constantly increasing ampliutde, at any fixed point the disturbance
eventually decreases; in particular, at the point of the excitation the
effects of perturbation are eliminated after finite time.

Absolute instability has been found for sufficiently small shear in
the two-layer model on an f-plane and on the B-plane (Merkine, 1980). The
Eady problem was examined by Simmons and Hoskins (1979) and found to have
no absolute instability. These model flows have the virtue of possessing
dispersion relations expressible in simple analytic form, but are limited
in that the structure of these dispersion relations, which is of less con-
sequence in picking out most rapidly growing in time normal modes, is cru-
cial to the asymptotics of pulses. In the hierarchy of baroclinic models
the Charney problem is the simplest one to possess at least in modified
form most of the features of realistic dispersions from global models
(Simmons and Hoskins, 1976; Geisler and Garcia, 1977). Unfortunately, the
solution of the Charneymodel is in terms of hypergeometric functions and yields
no exact closed form dispersion relation. In what follows, a highly
accurate approximate is used to extend pulse asymptotic results to this
case.

It should be borne in mind that these linear asymptotics are valid
only after an unspecified long time has elapsed since the original

perturbation; it is possible that for some initial conditions' the

1=z
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CHAPTER 2 PULSE ASYMPOTOTIC ANALYSIS

2.1 Method of Analysis

The initial value solution is an integral over the normal mode solu-
tions consisting of the exponentially growing modes and their complex conju-
gate decaying modes plus another integral over a continuous spectrum. The
decaying exponentials make no contributions to the long time behavior and
the continuous spectrum contributes at most 0(t) (Burger, 1966), so the
asymptotic solution takes the form of an integral over the exponentially

growing modes:

ilk % - w(k) 1t

(e o]
Pix,z,t) = /dk a(k) , (z)e (1)
00
where a(k) = projection of initial condition on the normal mode at k and
wk(z) = vertical structure of mode at k. Let
X
Qk) = - [k T " w(k)l .

Evaluation of (1) is carried out for a frame of reference moving at
speed U=x/t by deforming the path of integration in the k plane in the

direction of diminishing Qi until one of two conditions is met:

1. There is reached a contour for which Qi < 0 for all k without having
. , a5 : -
encountered a point kS where By =0 and Qi>0 in which case the sys-
tem is stable as viewed from the translating frame.

2. In performing the deformation of the k contour a saddle point ks is

encountered where:
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This is the condition of the so-called pinch singularity. The solu-

tion is seen by the observer to be unstable having asymptotic form:

]

V(x,2z,t) b(ks)wks(z)t“l/ze

I
-1Q(k )t ’
s i
[
|
F

i(ksx—w(ks)t)

]

2
L/ .

b 3 ‘
(ks)wk (z) £ (3) .

S r

|

In particular, if sucha saddle point is found for U=x/t=0 with associ- i

I

ated Qi(ks)>0 then the system is absolutely unstable with the perturbation
envelope at the point of excitation growing as Qi(ks)t. In general, the

local maximum envelope growth for any x/t is

(4) A

| X

LT wi(ks) = Im(ks)

Examination of the dispersion relation A(k,w)=0 reveals that, in i
general, deformation of the k contour results in the associated w moving ﬁ
in the complex plane. Because of this, the above procedure is visualized
best by examining contour plots of complex W in the complex k plane.
Absolute instability, for instance, would exist if for x/t=0 there is a

saddle in.w between the real k axis and the wi=O contour. ,

The pulse shape is found by plotting Vi against x/t. Vi is propor-
tional to the log of the envelope magnitude and x/t to the horizontal extent,
with proportionality factor to, the time at which the snapshot is taken.

The idea of the pinch singularity method is to extend the stationary

phase technique for stable wave packets to the complex plane. For absolute ‘

instability one would naively expect that the region in k space near where Q
ow }

i

|

!

- 3 . ;
the real group velocity vanishes-gf- = 0 would make the greatest contribution, i




but this expectation must be modified by taking into account the imaginary
parts of w and k as (2) is the complete condition. We will find that for
the Charney problem the real group velocity zero points closely approximate
the absolute instability real wavenumber. The basic reason for this is that the
growth rates are not so large or rapidly varying with wavenumber as to swamp the
realdispersivecontribution1x>the;tationaryphaseasymptoticsandiﬂsofaras
these growths are typical we can expect this to be true for other realistic models.

Model flows examined in the past have often been characterized by
dispersion relations of the form:

w = kU + ig(k) (5)

W
o
with U and g real and U constant, which in fact have-gi- =U for all

unstable k. The wavenumber selection .is in terms of the imaginary variation
and the k of largest W km will dominate. Models of this type include the
two-level on an f-plane and the Eacy. Insight can be gained by expanding
the leading order terms in (5) about ¢ = %< - U to obtain an approximate

asymptotic pules (Benjamin, 1961):

t‘ & -n?

|
- s (X i v
Y = exp 1(t U)kmt + g(km) ACE t s. (6)

Absolute instability is.predicted in this approximation when the
Gaussian wave packet spreads more rapidly than it advects. The limits of

the packet are at:

X=vut gk, - (7)

m

In these cases the group velocity is constant and the spreading of

the packet is determined by the magnitude of the maximum growth rate g(km)

and the packet width, proportional to lg"|k . The point of maximum growth,
m

T

.

T




which is the peak of the wave packet, moves at velocity U and has the wave-
number of the most unstable normal mode. Note that the phase speed is also
U so that the high or low located at the peak of the packet remains there
as the packet propagates. This would not be true for dispersive waves where
individual highs and lows move through the packet maximum. Returning to
(7), if x/t<0, then absolute instability is predicted by this approximation
and the saddle point asymptotics will, in general, confirm this.
The Eady problem has a dispersion relation of the form (5). For infinite

meridional scale it is:

2 12

k
+ i[k eoth k = =— = 1]

- K
bl 2

Evaluation of (7) suggests that this problem just falls to be abso-
lutely unstable (see AppendixA) . The asymptotic pulse is shown in Fig. la.
Real wavenumber kr’ imaginary wavenumber ki' and rest frame frequency, w_
across the pulse are shown in Fig. lb. Analytic results for the immediate

neighborhood of x/t=0, 1 confirm that lim V.=0 and that lim k =

x/t+0,1 % x/t+0,1 °
(simmons and Hoskins, 1979). If the meridional scale is not infinite ( £#C)
this problem fails to be even marginally absolutely unstable.
In the two-layer model with B#0, the dispersion relation can pe writ-

ten (Merkine, 1980):

1/2
k2+1 . [ek*(k*-4) + 4B?]
k2+2 ~ 2k2 (k2+2)

=k - B
w =k X

where £, the shear parameter, is such that the upper layer flow is Ul=l+e/2,
while the lower layer flow is U2=l—€/2.

The dispersion for real k is shown along with the group speed in Figs.
2a, b for a choice of parameters £=2.0, B=1.0, which result in absolute

instability. The growth rate vi from (4) is plotted in Fig. 2c¢c and the

2-4
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local wavenumber across the pulse in Fig. 2d. Note that even though

ow
c = =—= >0 for all unstable k, the absolute instability is made up of wave-

g akr
numbers with lower values of Cg-

Qualitatively speaking, the growth rate is small enough that the
effect contained in (6) is dominated near the absolute instability by the
tendency of zerqg or, as in this case, the smallest available, group velocity
waves to make up the stationary part of the instability. This effect is
even more striking in the examples that follow, where group velocity zero

is associated with appreciable growth rate. Note that these pulses have

finite upstream velocity so that the addition of a sufficiently large uniform
zonal velocity to the basic flow would make the absolute instability convec-

tive and the same pulse would then be interpreted as a spatially amplifying

packet.




2.2 The Charney Problem

The Charney problem describes quasi-geostrophic perturbations of a

zonal flow with velocity a function of height only, U(z). The scale height

H and Brunt-Vaisala frequency N are constant. The effects of sphericity

are confined to the B-plane approximation. In what follows, the notation

of Lindzen, et al. (1980) will be used.
Conservation of pseudo-potential vorticity requires for the stream

function Y:

e e e

2 !
qly) o 1l
+ B | — | ——— — 8 |
l‘Uzz {U—C € 4H2}w . (&) !
where
z/2H ik(x-ct '
¥ = Y(z) e / o ( ) I
i
a? = k2+22%, the sum of square zonal and meridional wavenumbers g
i
U 1
B VA W
= _— e — =

qly) = T Uzz ;
|
RT_ ‘
H = —— , the scale height 1

£ o N—2
|
£ = Coriolis parameter !
!
1
af !

5 . A=
. oy |
|
-4 = eastward direction }
v = northward direction il
z = height i

The boundary condition requires that the vertical velocity vanish at the

ground

1p+w-—§-w=o,z:0 (9a)

e e —

b
i
I
]




and that { approach zero at infinity
(9b)

1im Y(z) = 0 .

z+d)

he following nondimensionaliza-

We assume a linear shear U(z)=mz, and make t

3 {
tions:
|
g == |
T mH |
|
it
2 c
e ey ;
mH !
) z |
o i\
H i
2 |
~ [0 A+ |
a% =
|

so that (8) and (9) become
(10)

r+l 2

s W A - § =
wzz (z-c W @ 3
1
vy ‘
= L & = = 11 ‘
LPZ i 2 o C Or A O ( a) ‘;
lim (2) = O (11b) §
A o i
gH ;
r = - !
€em |
2 _ox2 . kg2 2 . 1 - ‘
6 = @ +4—k + 1+ 7 - (12) f
i
For typical midlatitude values of constants we have ?
-1 - -1 ]
g = 1.6 x 10 * 8 ’ m {
%

gH=28x 10" m

-4 i
& = 10 v
-3 -1 il
m= 1.25 % 10 S |
r = 1.024 ‘
so that k is related to dimensional wavelength by E
i
|
i
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2mH 1 _ 5x10°
e k K

A = m. (13)

The twiddles are dropped in the following.

The analysis of pinch singularities outlined above requires a disper-
sion relation A(w,k) valid in the complex k and w planes. In principle,
the eigenproblem (10, 11) could be solved repeatedly to obtained these
eigenvalues but the computational burden would be large. Fortunately,
Lindzen and Rosenthal (1981) recently obtained a highly accurate WKB solu-
tion for the baroclinic problem, which is valid in the complex plane.

Their dispersion relation takes the form:

1/2 -1
1'_ 3 l(_ o 1 62 + Ei]—'- + L r+12 62 3 il.
20 ) ox® = * G =
k k k k

-i(m=-2_) / N
. T w NS
. 3—231n(ﬂ—ZT)e Kl(x(;?> + Il\?(kvz

1/2|-2sin(m-2_) -i(m-2_)
2, r+l T v, @ A o\
_ (s + e Kl(x(k)> + 11"\X(k)> =0

w ™
K

where

- m(x+l)

T 28
and

1/2 w/k Jfr+l 2
X(Q) =(£_Li]_‘+62 +-r——‘———l-52,n rtl S + w/k+6
k k\ w / §
k

Nine term expansions of the Bessel functions were used and the real k dis-
persion relation obtained for a representative midlatitude value of the stability
parameter r=1. The real k dispersion relation for meridional wavenumber 2=0 is
shown in Figs.3a and 3b. Real group velocity zerocan be estimated at k=6 and

k~.7. Associated saddle points in the complex plane are shown in Fig. 4a

2-8




and, with more detail in the region near k=.7, in Fig. 4b. Contributions
to the asymptotic solution for absolute instability come from these points
which can be found to lie at (nondimensional) k=5.69-2.93 i, and k=.666-
<1131,

The wavenumber of maximum growth predicted by normal mode analysis is

kN=l.4. Corresponding dimensional wavelength calculated from (13) are:

X 5x10°
N 1.4

m=3600 km for the normal mode and ka= Eéggggém=880 km for the abso-
lute instability. The latter compares favorably with observed scales of
cyclogenesis (Buzzi and Tibaldi, 1978; Reed, 1979).

Because these saddle points are separated in scale and arise fromdistinct
regions of the dispersionrelation — the first from the Charney mode and the
second from the Burger mode, it is instructive to derive the pulse asympto-
tics separately. The dominant mode for any x/t can be quickly determined
by comparison if desired.

Figure 5a shows the pulse shape for the saddle located in the Charney
mode. Wavenumber and frequency across the pulse are shown in Fig. 5b. Note

that wr is the rest frame frequency which is related to the local freguency

by v_=w_-k_ % N

High wavenumbers are found in the vicinity of the origin of the dis-
turbance with the leading edge of the pulse being made up of wavenumbers
near the neutral point in the dispersion at kx.87 where the real group veloc-
ity is at a maximum. Phase speeds of the short waves making up the abso-
lute instability are small. Downstream, the wavelength rises until at the
pulse peak we recover the maximum growth rate normal mode at k=1.4. Fur-

ther downstream, the pulse shape is dependent on the detail of the disper-

sion in the neighborhood of the neutral point with the leading edge

29




dominated by the longest waves near k=.87. Upstream influence shows a
rapid decay in space with ki large and negative.

The pulse arising from the Burger mode is shown in Figs. 6a and 6b.
The growth rate is smaller than the Charney, but nonetheless dominates the
upstream influence. Upstream influence is characterized by the high nega-
tive group velocity waves and downstream by the positive with the absolute
instability located near the zero of group velocity.

So far only perturbations infinite in the meridional direction, coxr-
responding to 2=0 have been considered. The saddle point method can be gen-
eralized to two or more dimensions (Bers, 1975), but these solutions pre-
sent many difficulties. 1In fact, the initial perturbation is likely to be
a distributed source of vorticity and problems associated with point sources
in 2 and 3 dimensions do not necessarily yield insight commensurate with
these difficulties. The simplest localized source to use is the fundamen-
tal mode in a channel, and taking this to be 5000 km wide, we choose 2=1/2
in the expression for &% (12). The Charney absolute instability point moves
to k=5.77-2.87 i; w=.692+.112 i, and the absolute instability point associ-
ated with the Burger mode moves to k=.516-.059 i; w=.137+.205 i. The pulse
arising from the former is shown in Fig. 7a and associated quantities in
Fig. 7b. The pulse from the Burger mode is shown in Figs. 8a and 8b. We
remarkthatthegeneralfeaturesdiscussedaboveforthe £=0 case persist, but
the detail of the leading edge is modified. This effect is even more pro-
nounced when the meridional wavenumber is further restricted to 2=2, corre-
sponding to a channel width of 1250 km. The Charney mode pulse survives
and is shown in Figs. 9a and 9b. Absolute instability occurs for k=6.98-

2.25 i and wW=.675+.090 i. The maximum growth rate at k=2.19 is only 1.74
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times the absolute instability growth rate. What is even more remarkable
‘is that the growth of an individual disturbance will be significantly lar-
ger than this would indicate, at least near the absolute instability point.
This is because the local growth depends also on the wave phase speed in
relation to the local pulse speed and the derivative of growth with local
pulse speed (Simmons and Hoskins, 1979):

X a\)i
E) 57;7{7 . (14)

~ X
v, =V (=) + -
; 1(t) (cr
This effect enhances the apparent growth of wave crests between the
origin and the peak of the pulse. The phase and group velocity difference

is shown in Fig. 10; we can evaluate (13) for x/t=.05 to find:

Gi =14 & (L1131 = A7

The crest grows as fast as the maximum growth rate normal mode and with a
wavenumber considerably higher being around k=4, resulting in a dimensional
wavelength from (13) of A=1250 km, which is a reasonable scale for the early

stages of cyclogenesis (Reed, 1979) .
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2.3 Discussion and Conclusion

Absolute instability, previously found in the two-level models (but
absent in the Eady problem), has been confirmed to exist in the Charney
problem.

Examination of the dispersion relation for zeros of real group veloc-
ity allows a useful estimate to be made of the wavenumber characterizing
the absolute instability.

Because decrease of phase speed with increasing wavenumber is a robust
feature of more realistic dispersion relations (Geisler and Garcia, 1977;
Simmons and Hoskins, 1976), it is suggested that the high wavenumber, low
phase speed and rapid growth found for the absolute instability here may
be a quite general feature.

The observation of short initial scales maturing into larger scales
and possessing high growth rate encourages the identification with lee
cyclogenesis (Merkine, 1977; Buzzi and Tibaldi, 1978), and at least partially
answers the objection of Simmons and Hoskins (1979) that the individual low
may propagate out of the region of enhanced baroclinicity before obtaining
substantial amplitude.

In normal mode analysis it is generally assumed that the basic state
is either zonally unbounded or periodic and a function only of height and
latitude. Such uniformity is not found in the atmosphere where regions of
enhanced baroclinicity result in preferred areas for cyclogenesis (Petters-
sen, 1956). The absolutely unstable waves described here would be able to
take advantage of these inhomogeneous states by virtue of their small scale
and rapid growth coupled with low phase speed. As has been noted, the pre-
dicted wavelengths of the absolute instability are commonly observed even

though they are much shorter than those predicted by normal mode analysis,

2=12




The two-level and Eady models are limited by unrealistically high
phase speeds, with steering levels near the center of the flow, and by the
lack of a potential for zero group velocity. It would seem that the Char-
ney problem is the simplest model that produces the observed scales.

The asymptotics of long waves which in the Charney model arise from
the Burger mode were separately derived above. While the Charney mode waves
in general dominate, at least in the downstream solutions, the separation
in scale between the waves making up these pulses suggests that observational
correlates may be found for both. In particular, the variation of the dis-
persion as the flow and Brunt-Vaisala frequency change, say from continental
land masses to ocean or in time, may result in the absolute instability
being manifest in one or the other modes separately.

It is of interest to note that amplitudes and wavelengths of long
waves in the atmosphere often behave as would be expected from the above
pulse asymptotics, e.g., Sanders and Gyakum (1980, their Fig. 7). Here,
two areas of origin of long wave pulses may be tentatively identified: in
the Atlantic off the east coast of the United States and in the Pacific
near Japan.

These results imply that an accurate forecast model must closely
approximate the dispersive properties of unstable waves over the entire
range of wavenumbers making significant contributions to the asymptotic
pulse; it is not sufficient to do well near the wavenumber of the most
rapidly growing normal mode. Conversely, having an accurate local linear
dispersion relation, either for the atmosphere or a model simulation, it
should be possible to predict regions of cyclogenesis and the scales, phase
speeds and growth rates of the unstable waves. Initially, the scale can be

approximated by the wavenumber of zero group velocity.
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Appendix A

The dispersion relation for Eady's model can be written in the form (5):

2
w = E + i(k coth k - E— - 1)1/2
2 4
el
2
K2 1/2
g = % (k coth k = Z—-— 1)

The maximum of g, g(km)=.310, occurs at km=l.6062. (5) can be be
evaluated as:
2
2

k
g- = k eoth k b ol D

w

(g2)" = 2(g'%*+gg") = > + 2 coth ki(k coth?k-coth k-k)

3
Z 4+ coth k (k coth’k -coth k_-k )
4 m m m m m

" - = 35 38
El Ikm g(k ) .
m

so that the limits of the packet are predicted to occur at:
=
t

suggesting that this flow just fails to achieve absolute instability.

i

N

1
+ " = >
/2g(km)lg I =4 .491 > 0,
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PART II: THE INITIAL GROWTH OF DISTRUBANCES IN

A BAROCLINICALLY UNSTABLE FLOW




CHAPTER I INTRODUCTION

Since the pioneering work of Charney (1947) and Eady (1949), baroclinic
instability has been accepted as a major source of propagating synoptic
scale disturbances in mid-latitudes. The success of the theory in pre-
dicting approximately the scale, growth and structure of cyclone waves is by
now undisputed. Results such as those of Simmons and Hoskins (1978) have
extended the theory tO the nonlinear regime. Observational studies have
shown it to be of primary importance in atmospheric energetics and in
maintenance of the observed mean flow.
The application of linear theory to explaining disturbance growth
extends over most of the intensification period, although nonlinear effects
are important in the mature and decay phases of cyclone life cycles, ;
(Simmons and Hoskins, 1978) . As this work is concerned with the initial
growth stage, linear theory will be used throughout.
Most models,including those mentioned above have begun with the assumption
of a perturbation of normal mode form or of infinitesimal amplitude so that i
normal mode structure prevails over the relevant time of the study. The !
original work of Charney and Eady cast the quasi-geostrophic equations into
an eigenvalue problem and extracted only the exponentially
growing and presumably negligible companion complex conjugate decaying
modes. Suitably generalized to the flow in question, these were used as
initial conditions in most subsequent studies. It has long been recognized
(Orr, 1907 , Case, 1960, Pedlosky, 1979) that the discrete normal modes do
not form a complete set in the sense that an arbitrary initial condition
cannot be expressed as a sum of discrete normal mades of suitably chosen

amplitude. This defect was traced to the neglect of the so-called continucus
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spectrum of neutral modes. These together with the discrete normal modes
do in fact form a complete set for the canonical problems of Eady and
Charney as was shown by Pedlosky (1964) and Burger (1966), respectively.

The careful reader may be troubled at this point by the implication that
these singular neutral modes will play a key role in the development, as
indeed they shall. Perhaps viscosity no matter how small would change
completely the nature of the solutions. While it is true that the Navier
Stokes equations support a complete set of discrete eigenfunctions and
the Euler equations require a continuous infinity of singular functions
for completeness, yet it appears true that predictions based on the in-
viscid equations are valid in the limit of vanishing viscosity even though
this is a singular perturbation in the sense of the theory of differential
equations. The question is examined in an exchange between Case (1960)
and Lin (1961).

All flows discussed in the following will be assumed inviscid.

The method of analysis employed by Pedlosky and Burger is that of
Case (1960) in which the Couette problem was cast into initial value form.
The result is a combined Fourier Laplace integral for the space and time !
evolution of the initial perturbation. The inversion of these integrals
is in general a formidable task and results were obtained for the asymptotic
1imit of long time only. This 1imit revealed not surprisingly that the
exponentially growing normal mode, where present, dominated the solution.

In the Couette flow where there exist no exponentially growing modes the
contribution of the continuous spectrum was found to decay algebraically
with time and the controversy over the order of this decay (Brown and

Stewartson, (1980)) seems to have been settled in favor of Orr's original result:
-2

the streamfunction decays as t




The contribution of the continuous spectrum in baroclinic problems is
a matter of some subtlety. In the Eady problem, Pedlosky (1964) found
that for wavenumbers for which there were exponentially growing modes, the
contribution asymptotically decayed but that for the neutral solutions at
wavenumbers above the cutoff of exponential instability, the continuous
spectrum combined with the neutral waves to give a neutral asymptotic
solution. The Charney problem was shown by Burger to have a similar
algebraically growing contribution associated with the continuous spectrum
at the discrete neutral points and decay elsewhere where exponentially
growing discrete normal modes were found.
In order to study the small time limit of the initial value problem
in the most transparent manner, a major simplification will be employed:
a single wavenumber in the horizontal will be used. This precludes ;
potentially interesting interference effects arising from the Fourier
inversion of Case (1960). The perturbation will be assumed to have
infinite horizontal extent and a fixed wavenumber. Multiple wavenumbers |
which would be appropriate to localized perturbations will be only briefly
considered.

To explore these ideas a simple problem for which a closed from

solution exists will be examined first.




-

CHAPTER 2

ANALYSIS OF THE INITIAL VALUE PROBLEM

2.1 The Couette Problem

Taking u(z) as the velocity profile of a plane parallel inviscid

shear flow, confined between horizontal boundaries at

z=0,1 and ¥ (x,z,t) as the

prerturbation streamfunction, the nondimensicnal, linearized equation of motion is:

2
3 d 2 giu ¥
(—Bt + u(z) —8x> VY- _— 0
0z
Pegy - = MLy s

The Couette problem results when the velocity is made linearly

increasing with 2z: u

Solutions are assumed

]

of the form:

ik (x-ct)

Yy = Y(z2)e

substituting in (2):

2
(z-—c)"ii—-— k2 P = 0

[ 32°

Eigensolutions of (4) must satisfy:

o) = YP(1) =

0

2=

Z for which (la) becomes:

(la)

(1b)

(2)

(3)

(4)




Two linearly independent solutions of (5a) are

sinh kz

=
il

cosh kz

=
I

Of the general solution Y = A sinh kz +B cosh kz (5b) requires

B = 0

A sinh k + B coshk = 0

which implies A =B =0 soO there exists no such solution.

Nevertheless it is seen by inspection that a general solution of (2)

has the form for arbitrary Gix,2) ¢

Vii = G(x=-2zt,2) . (6)

This problem is an extreme example of the incompleteness of the eigen-

functions, having none at all. Yet it is clear from (6) that the equation

is valid for any initial condition.

The resolution of this dilemma proceeds from a closer examination of

(4), (case, 1960). There are in fact two classes of solution: The above

sought discrete eigenmodes, which class is empty, and solutions satisfying:

2
) 2
(——5-— k ) G(z,zo) = §(z- zo) (7)
0z

when the boundary condition (5b) is imposed, it is easily verified

that:

sinh kz< sinh k(1 - z>)
(8)

Glz,2g) = - % sinh K




where:

s z i z<z,
Z -
<
: b
t ZO 1E z/zO
g s z 155 z > z,
z, =

le L& z< z

In this case of linear shear, the simple identification of the continuum

normal mode with (8) is completed by setting
c = z . (9)

Using (3), the solution of (4) for initial perturbation of wavenumber k,

1k
q’o’k(X,Z,O) = wO,k (z) e is:
1 ik(x—zot)s jfi - k2 ( 5
u&(x,z,t) = G(z,zo)e l . > Wo,k ZO) Z, (10)
0 %0

which may be verified by substitution.

Using (9), (10) can be written as an integral over the normal modes:

1 ‘ 5 ;
i - 3 2
wk(xrzlt) = .‘. G(Z,C)elk(X Ct)yl(g_i" k ) WO k(c) da . (i)
c r
0

For a fixed eigenvalue ¢, G(z,c) may be interpreted as the eigen-

. 2 2 2 ; -
function and {(B/Bzo =% )wo(zo)}z o 38 the corresponding amplitude.

0
Assuming (z) = c sin mmz cos kx the term in curly brackets in
’
2 : : ;

(10) becomes —c((mw)2+-k Ysin mmz cos kx. Substituting this and (8) in

(10), repeated integration by parts and taking the real part produces the

closed form solution (Orx, 1907) :

2=3




2 2
c(k+ (mm) ) : -
Pp(x,z,t) = "fﬁzg;;gi?—— {[51nh k cos (kx + (mm-kt) z) - sinh k(l-z)coskx -

sinh kz cos(kx-{-(mﬂ—kt))]/(k2 + (- kt)z)
_ ) (12)
-[ sinh k cos(kx - (mmT+kt)z) -sinh k(1-2z)cos kx -
sinh kz cos(kx--(ImHkt))]/'(k2 +(mﬂ+kt)2)}
The lcag time asymptotic behavior of the stream function is O(t_z)

2 : - ’
but the appearance of the term (k -+(mw—kt)2) in the denominator suggests

that for some time after an initial perturbation the disturbance may grow,

In this preliminary investigation we will concentrate on the Eirst
term in (12) so as to review what can be done by straightforward analytics.
First though it is important to note a possible difficulty in interpreting
the nonexponential growth ofbperturbations. If the amplitude of the
initial perturbation in this linear problem is held fixed as the vertical
wavenumber is increased in an attempt to explore the initial value problem
dynamics, an ambiguity arises because the energy per unit length in X,

given by

2n/k :
k 2 2
g o f f i+pl) ax dz, (13)
0 0

increases with m. Although in problems of interest in meteorclogy the
stream function itself represents a pressure perturbation the constancy of
which may have physical justification as vertical wavenumber is changed,
most results below are displayed in terms of perturbation total energy
normalized by the initial total energy which shows the growth of perturba-

tions in the most easily interpreted form.
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Retaining only the first term in (12), (13) may be evaluated
approximately both for t=0 and for the approximate time of the maximum

of {(12), tm= mm/k.

c2(k24-(mﬂ)2)

E(0) =
gk >
Feis 2.9
pig Yy e B (k" + (mm) ) ‘ 1 - 4(m7r)2 tanh k/2
= 16x” I 2+ (2um) 2 k/2
The ratio:
Bt X &2 + Gary") : 4 () 2 tanh k/2 ol
g(0) 2k2 (k2-+(mﬁ)2) k/2

is plotted as a function of k and mm in Fig. la. Note that although
the plot is continuous for clarity of presentation only integer values of
m satisfy the boundary condition (1b). The maximum energy occurs for
longest horizontal and shortest vertical scale. An estimate of growth rate
is made by dividing the maximum of energy by the time it occurs after the
initial perturbation tm==mﬂ/k, the result is plotted in Fig. lb. The
maximum growth rate occurs for k=~3.0.

The evolution of the streamfunction is calculated from (12) for k=3.0
and m=6 and the magnitude shown as a function of time Fig. 2a and Fig. 2b.
Also shown in Fig. 2c is the exact normalized energy as a function of time

calculated from (12) and (13) and the effective growth rate 2kci B

1/E dg/dt, Fig. 2d.




There appear to be three stages in this growth: a relatively
guiescent period immediately following the perturbation, a period of rapid
growth and a period of rapid decay to the asymptotic phase where the
perturbation decays as t—2. Only this last stage is addressed in
traditional asymptotic treatments.

Note that the rapid growth of the perturbation is coincident with a
decrease in the vertical wavenumber, a phenomena that will be referred

to often in the following analysis.
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2.2 Discussion of the Couette Problem

As an example of the initial growth of perturbations, the Couette
problem is particularly attractive because it is by far the simplest and
displays much of the relevant physics. With this solution as analogy,
the results to be obtained for baroclinic flows will be introduced and
some preliminary comments made.

We remark first that even when linear perturbation
theory predicts no instability it cannot be concluded that the flow is
stable. If neutral solutions exist, then stability can only be ascertained
by examining higher order terms in the perturbation expansion. Even when
we are fortunate enough, as in the above example to be in
possession of a complete set of modes whose integral contribution eventually decays,
the amplitude of disturbance for which higher order terms may lead to
instability is in general unknown. In fact the observation of small scale
inflection points appearing to destabilize an otherwise stable flow in
experiments (Landahl, 1975) is interesting in this regard. These observa-
tions make the fact that substantial increases in amplitude result from
linear theory especially important.

In geophysical application it is often the case that modest increases
in amplitude suffice to explain an observed phenomena. For example, a
5 mb initial perturbation in the geostrophic streamfunction growing by
eightfold to 40 mb would be a significant deepening.

The equations describing cyclone waves are very similar to that which
we have examined. Although the interpretation of terms is different, a

parallel phenomena is seen and even when exponentially growing modes are

2=




present, the initial growth can dominate the solution over relevant time
gscales, that is, the normal mode structure develops only after significant
growth has occurred by this alternate mechanism.

Returning to the example of parallel flow of an inviscid fluid, an

energy integral may be obtained in the standard way:

-

1
T -
(G + ) 92 = JUZ by 92 e
0

where
®
(_)=minj()dx.
Koo
-X

This relates the increase in disturbance energy to the work done on the
perturbations by the Reynolds stress. parallel expressions exist for
baroclinic and barotropic flows (pedlosky, 1979). While no normal modes
exist for which the relative phase of the vertical and horizontal velocity
is such as to render the RHS of (15) positive, an initial perturbation may
have this property or as happened in the above may acquire it by

virtue of being sheared by the basic state flow. (Incidently, this explains
the slow initial phase growth in the above solution (Fig. 2d); wx and v,
are initially in quadrature.) This phenomena is familiar to students of
meteorology from the work of Pedlosky (1979), whose small amplitude waves
continue to grow through a large part of the vacillation cycle after the
nonlinear terms have stabilized the flow to normal mode perturbations. This
occurs because the disturbances are still in possession of relative phases

which result in their extracting energy from the mean flow. If by a
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conspiracy of intent the initial condition were of this form the same
solution would of course be found even though the flow was not initially

unstable.

The energy integral (15) places an upper bound on the growth rate

of perturbations. From (15)

1 1
dE d i s IF e — — —
€4 (LG e <[5 [ W, e
0 maxo

which together with the inequality:

e 2 T e
2+ u2 > 2 [V [[9,]
gives:
1l dE s
& = %

max

The example in Fig. 2d obtains ~ 70 percent of this maximum.

The inviscid incompressible Navier Stokes equations in two dimensions
possess two independent integral invariants: energy and enstrophy which is
the integrated square vorticity. The conservation of energy is familiar
and the equations are often written as to explicitly display the conserva-
tion of vorticity. Vorticity is conserved point by point so any
other function of vorticity when integrated over the domain of flow, is
also a conserved quantity but is not an independent invariant. In the case
of quasi-geostrophic flow, the energy and pseudopotential vorticity are
the parallel conserved gnatities (Charney, 1973). The reader is cautioned
that these quantities are conserved by the complete equations, however,
the linearized equations can be closed by including the second order

corrections to the mean flow (Pedlosky, 1979). If the evolution of an
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initial disturbance is viewed as the trajectory of a point in a suitably
defined phase space, then the integral invariants limit this trajectory to
surfaces which satisfy energy and vorticity ccnservation. These constraints
potentially limit the extent to which a perturbation to a basic state may

grow. For the case of parallel flows the following can be shown by integral

techniques to hold for small perturbation (Arnold, 1965).

VY

4 f(w))z ¥ (A av = 0 (16)
at vAY

Y = P(x,z,t) = perturbation streamfunction
¥ = ¥Y{z) = gstreamfunction of the basic state.
In our examples, i = Uﬁz) so that (16) may be written:
VAY u"(z)
d 2 U 2
— \% + — (A dv = O :

The Rayleigh and Fjortoft theorems (Charney, 1973) are immediate

consequences of (16) as a change in sign of:

F@) = =% (18)

in the domain of flow allows arbitrary growth.

Concentrating on the case of stable flows with U/U" >0 it can be
seen that (17) permits the energy of the perturbation to grow at the
expense of the enstrophy. Furthermore, the extent to which a change in

enstrophy is able to be traded for increased energy is governed by the

term U/UY.
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For these problems, the stability is not affected by the addition of
a uniform velocity to the basic state, U. The choice resulting in the
tightest bound from (17) is preferred. For instance, Fjortoft's theorem
results when U=0 is coincident with the inflection peint U"=0.

As an example, the basic state:

Sy
iz) = =% L;
gives for (18):
P
F(z) = B (19)

which for €20 allows arbitrary large increases in energy for a decrease

in enstrophy. Note that this limit corresponds to the Couette problem.
Tndeed it is easily verified by inspection of (2) that despite the change
in vertical wavenumber and energy entailed in the examples above, the
enstrophy remains constant. If F(z) is viewed as an indication of the
potential of a basic state to exhibit initial value growth then the Couette
problem at first glance appears to have unlimited potential. For other
basic states the bound is tighter as can be seen by allowing € large in
(19). The Couette problem is exceptional in the sense that (16) fails to
provide a tight bound on the growth of perturbations. A much better bound
can be obtained (Appendix A) .

Of course, there is no guarantee that the detailed dynamics of a
perturbation will give rise to a decrease in enstrcphy and concomitant
increase in energy, but this is usually cbserved for high enstrophy

initial conditions,




1f the vertical wavenumber is large, there is potential for great

energy growth even for modest values of F(z) as can be seen by noting that

the ratio of enstrophy to energy for P(z) ~sin mz is:
2
(Al!}) ~ 2
— = m
(V)

Although (16) gives no bound in the case of unstable flows for which
F(z) changes sign in the domain, the initial value growth mechanism
continues to operate as will be shown by examples to follow. In fact, low
vertical wavenumber normal modes whether neutral or unstable appear to be
efficiently produced by this mechanism resulting in initial growth

rates much higher than would be expected from an examination of their

eigenvalues. It is important to note in this connection that these
discrete and continuous normal modes have no orthogonality properties so
that no result of the kind expressed in Parseval's theorem (Jeffreys and
Jeffreys, 1972) exists. Because of this, it is possible for a high
amplitude discrete normal mode to be present in the expansion of a small

initial perturbation, only to be revealed when the continuous spectrum

decays away -




2.3 Baroclinic Initial Value Problems

The behavior of small perturbations to a baroclinic fluid in zonal
flow is governed by the linearized equation expressing the conservation

of pseudo potential vorticity (Pedlosky, 1979):

d 9 oY 9
( ) + ol . 0 (20a)

3t X 9% oy

with boundary condition requiring the vertical velocity to vanish on rigid

horizontal surfaces:

) a Y AU v

L =) -7 = 0 =0,
(Bt Usx ] 3z ~ Bz ax . Zp (20b)

where:

x = eastward coordinate

y = northward coordinate

z = height

U(z) = basic state zonal velocity
) = perturbation geostrophic streamfunction
2 1 el :
= ) e e E Py = + 5 - '- Py
q VY + 0cdz ( o] 3z perturbation potential vorticity
f2
€. = =3 square ratio of the Coriolis parameter to the Brunt-

N Vaisala frequency

p = density
2
- au 1 9 » U oy - ;
IE % - — 55.52. Efé s mer1§1§nal gradient of potential
dy e vorticity of the basic state.
of
B = By




Notice that (20) is made to correspond to (1) except for the

boundary condition:

wz(o) = wz(zT)

il
o

by considering the boundary as a §-function in Wy (Bretherton, 1966;
Lindzen et al., 1980); this is accomplished by bending the velocity profile

U(z) in the immediate vicinity of the boundary so that Uz==O, z=0,

o
The energy integral for the y-independent perturbations is:
z Zp,
dE d @) 2 2 U JU 3w
—_— = — — B a = s e 48
e = > | wp® rew)” |az [ pe 5= = I dz (21)

Comparing with (15) the structure of the equation is the same but the
terms on the LHS are interpreted as kinetic and potential energy
respectively while the source on the RHS is heat flux down the global
temperature gradient. It is expected that an initial perturbaticn which
results in the RHS of (21) being positive or which obtains this correlation
under the action of the basic state shear will exhibit initial growth.

The energy integral (21) places an upper bound on the growth rate of
perturbations in parallel with that derived in section 3 for the inviscid

shear flow:

28 < | Ful .

E dt max

This bound is approached in examples to follow.




Arnol'd's result has been generalized to quasi-geostrophic flows (Blumen,

1968). The twin constraints of energy and potential vorticity conservation

require that perturbation energy and enstrophy be related as the disturbance

evolves by:

z
T == — —
a g 2 2 U(z) 2 )
— Y-+ €Y - dz 3 = 2
dtlf UV, + €4,) C_;i(rau 4 7‘ y ke
0 " pE Bzxp' az
where the boundary terms have been absorbed by bending U(z) so U =0
z
at the boundaries and the B-plane approximation has been made.
The criterion for stability:
= W{=)
= > 0
il 5 W
pegaz| ~ 9z
implies for an exponentially stratified atmosphere, p = OO e_z/H, with € constant
that:
b > 0
Uz
o -
B H Uzz
Uz
The fluid is potentially unstable unless g i u_, is of one

sign, in which case F(z) > 0 and the initial growth mechanism would allow
the energy of perturbations to grow as described above; whether the
potential growth is realized would have to be determined by solving (20)

for any particular initial condition.




The flow may be stabilized to exponentially growing disturbances by
modifying U(z) so that the Rayleigh stability criterien is satisfied

(Lindzen et al., 1980):

8]
z
= + — - >0 y
Hy B H UZZ‘* g T

N
N
I\
N

In this case F(z)>0,

In summary, we will show that baroclinic flows can exhibit growth of an initial
perturbation whether the flow has been stabilized to exponential per-
turbations or not. The growth is limited by this integral constraint

only for the exceptional cases of F(z) > O.




2.4 Preliminary Discussion of Baroclinic Initial Value Examples

The canonical examples of baroclinic instability for the quasi-geo-
strophic equations are the solutions of Charney (1949) and Eady (1949).
These have been shown to possess a complete set of normal modes when the
discrete normal modes (there are two for every horizontal wavenumber
except for isolated neutral points in the Charney problem) are augmented
by the continuum of neutral modes (Pedlosky, 1964 , Burger, 1966). The
solution is found in terms of a Laplace transform cof the relevant Greens
function in the manner of Case (1960) who used this formalism for the
Couette problem. The initial value problem is solved by inversion of
these transforms. Unfortunately, the Greens functions, while simply
expressed in terms of the solutions of the equation, result in cumbersome
Laplace inversions. Initial value results were confined in the above
mentioned investigations to the long time asymptotics which show the
familiar discrete normal mode spectra and decay of the continuum contri-
bution except for the Eady neutral waves where a component of the continuous
spectrum combines with the neutral discrete normal modes to produce an
0(1l) asymptotic contribution and the isolated neutral points of the Charney
problem where the continuum contribution grows O(t).

The initial growth of perturbations could in principle be found by
inverting numerically the Laplace transform but this approach presents
many difficulties. Instead, the results to be presented below were derived
by integrating the equations for different initial conditions. The method

employed (Appendix B) was to assume normal mode solutions:

bix,z,8) = fz)e Sl (23)




and finite difference (20) in z. The resulting matrix was then resolved
into normal modes, wN, using the highly efficient QR algerithm
(Wilkinson, 1965) .

An initial perturbation can be projected on these normal modes and

the streamfunction 6 (x,z,t) at later time fcound by summing over (237 s

0(x,z,t) = XN: a Uy ()™ 7! (24)
where

wN(z) = N'th normal mode

q = complex phase speed of N'th normal mode

ay = projection of initial condition on wN(z).

The advantage of this method is that once the eigenvectors and eigen-
values have been extracted for a given horizontal wavenumber k, the
integration for various initial conditions requires little computational
effort. In addition, the projection of the initial condition on the
discrete normal modes immediately reveals to what extent they are excited.
The fact that the complete set of normal modes, while independent, are not
orthogonal allows the amplitude of initial excitation of exponentially
growing modes to be large for a relatively modest initial disturbance.

The disadvantage of the method is that it requires the approximation
of the continuum spectrum by a finite number of mcdes, or equivalently
the approximation of the continuous atmosphere by a finite number of levels
(Pedlosky, 1979). Experience shows that accurate solutions for vertical
wavenumber four perturbations require no more than 50 levels although as
many as 150 levels have been used to check accuracy.
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2.5 The Eady Problem

n

The Eady problem results when (20) is restricted to f =0, N constant,
the Bousinesq approximation is made, the shear assumed linear

(U(z) = 2), and horizontal boundaries are imposed at z=0,1:

2
n 91 ~2
(z - ¢) i—% -k°yl= o (25a)

oz :
(Z-AW_ -y = 0 Z=0,1 (25b)

2
. Y oo e o i ik (x-ct)
where solutions for infinite meridional scale of the form y(x,z,t)=y(2)e

%

have been assumed and the following nondimensionalization made:

~ kH

k = 7= nondimensional herizontal wavenumber
z = 2z/H nondimensional height
£ = tAVE nondimensional time
g = scale height
2

g
+ 2

N
f = Coriolis parameter
N = Brunt-Vaisala frequency

U
A = ETS shear of mean flow, assumed constant.

For reference we note typical mid-latitude values of constants:

=11 =1 ~1
B = 1.6x10 s m

2
H = 8X10 m




£ = 1P s
=
N = 10 S :
_3 -
o= L2550 S :

so that k 1is related to dimensional wavelength by:

6

H 2T 5X%X10

>\ = _— = ___N__m. (26)
/e k k

and t is related to dimensional time by:

3 -

£ = = 22t hrs - (27)
ANe

It is important to note in evaluating quantities which are functions
of t that a unit of nondimensional time is related to dimensional time
by the inverse shear. Here we have assumed a 10 ms_l zonal velocity at
8 km resulting in a 22 hr t, but three or even four times this may be
appropriate to strong jets resulting in a 6-8 hr ¢£.

Twiddles will be dropped in the following.

The eigenvalues of the discrete normal modes gre shown in Fig. 3a.
There are two such modes at each value of the horizontal wavenumber, k.
For 0<k<2.39994 these correspond to complex conjugate modes, one
growing and one decaying; for k> 2,3994 there are two neutral waves.

The maximum growth rate occurs for km==l.6062. Normal mode structure
at km is shown in Fig. 3b along with an example of the continuous
spectrum at c=.7. Figure 3c shows the normal mode structure at k= 3.0,

in the region of neutral discrete normal modes.
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Because the long time asymptotic limit of an exponentially unstable

ezkcit

wave has an energy growth E(t)/E(0) = i
the results of initial value integrations for unstable waves will be

displayed by plotting the instantaneous growth rate:

2kc.l B e .
eff
Integrations were performed for k=:km and initial perturbations
vertical wavenumbers, 2=mr, m=0,2,4,8. The growth rate as a function
of time is shown in Fig. 4. Associated streamfunctions are alsc shown,
Fig. 5. Similar integrations for k= 2.3, where an exponentially unstable
normal mode of lower growth rate is found were performed with the resuilts
in Figs. 6 and 7. The region of neutral discrete normal modes at k=2.4
yields the results in Figs. 8 and 9, and k=30 the results in Figs. 10
and 11.
We are fortunate in the case of the Eady problem in that there exists
a solution for arbitrary k and m=0 in terms of a definite integral
which is easily evaluated numerically (Simmons and Hoskins, 1979).
Solutions generated for m=0 by the matrix method described above were

found to agree with this independent solution.




2.6 Discussion of Eady Solutions

For orientation purposes some rules of thumb are noted first. The
mechanism of initial value growth is similar to that described in the
Couette problem except for the reinterpretation of variables previously
remarked on. The quantities wx and wz are initially in quadrature so
the growth rate is zero at t=0. As the perturbation is sheared by the
mean flow it acquires correlations and begins to extract energy from the
mean flow. The time scale for this process is T=/k, the ratio of the
vertical to horizontal wavenumbers and the energy extracted increases

with vertical wavenumber.

Comparing Figs. 4 and 8, the surprising result is found that for a
wavenumber 4 in the vertical initial perturbation and times as large as t=15,
corresponding to much of the geophysically relevant interval, the neutral
wave at k=2.4 grows as rapidly as the most unstable wave at km==l.6062.
This behavior persists down to vertical wavenumber 1 although over a
somewhat shorter but not insignificant interval in time. It would seem
from the observation that neutral waves are able to grow in surface
perturbations pressure by nearly three orders of magnitude and by a factor
of 100 in shorter time than the most rapidly growing exponential wave-
number, that more emphasis should be placed on the excitation of disturbances
than has been the case.

Figures 6 and 7 demonstrate that the exponentially slower growing
unstable wavenumber mcde at k=2.3 1is as efficient out to t=15 in
extracting energy from the mean as the most exponentially unstable wave-

number for high vertical wavenumber perturbations.




The neutral waves at k=3.0 (Fig. 10 and 11) extract large amounts
of energy from the mean flow for m large and, being equally excited and
nonorthogonal, undergo a vacillation cycle (Lindzen et al., in press) with

a period given by:

_ 2n/k
T = e (28)
where:
Ac = difference in normal mode phase speeds.
For k=3.0 the normal modes have phase speeds of c]==.66 and
R .33 resulting in a period from (28):
.21 R
= —3 6 *: -
P 33 35
as may be verified by examining Fig. 10. In Fig. 11, the stream-

function snapshots reveal the periodic vacillation in amplitude as the
interference progresses. The region of dense samples should be viewed as

an approximate envelope as the amplitude changes rapidly between samples.




2oV The Green Problem

A more realistic model results when the B-effect is included. To
this end (20) is restricted to linear shear, U(z) =z, the B-plane approxi-
mation is made, the Bousinesqg approximation is made and rigid horizontal
boundaries are imposea at z=0,H. The nondimensional equation is

(Lindzen et al., 1980) :
e
9 2
(z-c) (——E-- k )w Frp = 0 (29a)
(z-c)Y -y = 0O ] (29b)
Z

| where the geostrophic streamfunction has been assumed to take the form:

¥y o= W(z)elk(x—Ct)
and
Bu ol
r = A stability parameter ,

This nondimensional equation has one stability parameter, r which for mid-

latitude scaling is:

i s_lm‘l)(S X103 m)
| » (L, 210”128 % 1077 &7

BH _ (1.6%10_

With the choice r=1.0, the eigenvalues of the discrete normal modes are

as shown, Fig. 12a. There are two such modes at each value of k ( except
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for the isolated point separating the twe regicns of instability) an
exponentially growing mode with the eigenvalue shcwn and a complex
conjugate decaying mode not plotted in Fig. 12a.

Eigenmodes are shown in Fig. 12b for km:=1.8 near the maximum
exponential instability wavenumber and at k=6.0 near the wavenumber at
which absolute instability is expected (Farrell, in press), Fig. 1l2c.

Integrations were performed for k=1.8 and initial perturbations of vertical
wavenumber f£=mr, m=0,2,4,8 with the results shown, Fig. 13. Stream-
function amplitudes are also shown, Fig. 14. 1In addition results were
obtained for k=3.0, Figs. 15 and 16, and for k=6.0, Figs. 17 and 18.

The maximum exponential normal mode growth wavenumber km = 1.8 benefits
marginally from the initial value growth and in fact is weakened out to
t =10 for m=4, the correlations being set up slowly for this case (Figs.
13 and 14). The surprising result is the rapid initial growth of the
k=3.0 and k=6.0 wave, seen in Figs. 15 through 18, for wvertical
wavenumber £=mm, m=2 and m=4. The very rapid initial setup of the
short wavelength k=6.0 mode and the fact that it is near the absolute
instability wavelength (Farrell, in press) suggest a role in cyclogesesis

which will be discussed further in the sequel.




2.8 An Equilibrated Flow

Recent work has focused attention on linearly equilibrated zonal flows
(Lindzen et al., 1980, Lindzen and Farrell, 1980, Stone, 1978). An example
of such an equilibrated stationary solution is the above problem with the
zonal velocity wu(z) modified so as to render qy§>O everywhere and

u=du/dz=0 at =z=0, (Lindzen and Farrell, 1980):
= = 0 g z< (30)

which has the solution for the above boundary conditions:

2

ufz) = Z (31)

=
2

which for r=1.0 gives the stable to exponentially growing ncrmal mode

velocity profile:

2
U(z) = 27 0<z<1 (32)
Integrations were performed for = 3.0 and initial perturbation

vertical wavenumbers £=mT, m=0,2,4,8. The growth rate as a function
of time is shown in Fig. 19 with associated streamfunctions, Fig. 20.

At first glance, it may seem that with the potential vorticity of
the mean equal to zero throughout the interior and at the locwer boundary
that a severe restriction on growth of the kind detailed in Appendix 1 for
the Couette problem could be impesed. However, there is a source of

vorticity in the region of the upper boundary and examination of Fig. 20
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shows that the high vertical wavenumber perturbation grows rapidly near

this boundary, obtaining two orders of magnitude amplification of per-

turbation pressure for m=4.

‘ Perturbations to this exponentially stabilized flow extract energy

‘ as an initial value problem and obtain maximum perturbation amplitude at
the upper level in contrast to the Green normal mede (Fig. 16), which has

jts maximum at the lower boundary. We note that mcdel studies (Simmons

| and Hoskins, 1978) have found similar behavior of disturbances in equili-

} brated mean flows. Although nonlinear effects are important in their

work, the parallel is nonetheless suggestive.

The energy extracted from the mean is deposited asymptotically in two
neutral waves with phase speeds Cl= 0, and c, = .165 resulting in a

vacillation as discussed previously with period from (28) of:

21/3.0
T = 165 = 12,7

which may be verified by examination of Fig. 19.
Tt is remarkable that a phase speed zerc wave which supports no

? overreflection (Lindzen et al., 1980) obtains large amplitude in the

initial value problem.




2.4 Discussion and Conclusion

Perturbations to stationary solutions of the equations for baroclinic
flows are able to extract energy from the mean state whether exponentially
growing instabilities are allowed or not. In cases with such exponential
modes, the degree to which the mode is excited is dependent on the initial
condition so that the initial setup of the instability may proceed much
more rapidly than would be predicted for the pure normal mode initial
condition.

If cyclogenesis is initiated by & finite amplitude perturbation the
structure of the perturbation, in particular its vertical wavenumber, is
crucial to the early stages of growth. The total amplification of a
disturbance to a geophysical flow may be only & few e-foldings, say in
going from a 5 mb depression to a 40 mb surface cyclone, in which case the
growth may proceed to nonlinear equilibration without ever obtaining
discrete normal mode form. While not of normal mode form, the growing
perturbation will of necessity exhibit the phase tilt to the west which
marks the extraction of mean flow available potential energy: it is
necessary to look closely at the structure of a wave tc determine : 1 e ) o
has reached normal mode form.

An exac+ solution ¢f the Eady problem for a zona'ly localized pulse
of vertical wavenumber zero has been obtained (Simmons and Hoskins, 1979)

which supports the results obtained in Section 5.




In this example a pulse of uniform amplitude in the vertical

and horizontal structure:

2
2 ™ hoe O
Vhw = A cos2 7?- exp (— §§-> sin ;
d
y = 5000 km
L = 30000 km
d = 1000 km

develops as an initial value problem with

the growth of the perturbation much more rapid than the usual
normal mode theory predicts. The attempt to explain this growth by
appeal to exponential pulse asymptotics fails as detailed in the reference.
In fact, these results give confidence that a major simplification of the
analysis of Section 5 does not qualitatively effect the results: the
restrictions to infinite meridional scale and a single wavenumber
perturbation in x. The geophysically important pulse growth appears

to be dominated by small time rather than large time asymptotics.




A baroclinic wave which causes the equilibration to exponential
instability of a mean flow does not immediately lose the velocity/
temperature correlations which result in the extraction of energy
from the mean and will continue to grow. As shown in section 9, the eigen-
functions which are excited ininitial value integrations for an equilibrated flow
have maximum amplitude and take energy from the mean at high levels
in the model atmosphere, corresponding to the region where Ty > 0.

This contrasts with the eigenfunctions before equilibration which
have maximum amplitude and extract energy at low levels.

If such equilibration of mean flows is a common occurrence as
has been recently argued (Lindzen and Farrell, 1980) then the secondary
maxima of heat flux and wave amplitude in the upper troposphere seen
both in observations and model experiments (Simmons and Hoskins, 1978)
is to be expected.

If zero vertical wavenumber is effective in promoting growth of
perturbations then, as has been shown above, higher wavenumbers

are even more effective. It is appropriate to ask if such complex

vertical structure is found in the atmosphere. Note first that the
vertical derivative of potential vorticity corresponds to a tempera-

ture perturbation.




It is unfortunate that observed temperature prcfiles are usually
extensively smoothed obscuring the information on vertical structure:
however, even in the smoothed data there is found evidence of large scale
coherent high wavenumber structure (Buzzi and Tibaldi, 1978; their Figs. 5
and 8, Hess and Wagner, 1948, their Figs. 7 and 8). Whether this
structure serves as an initial condition in its own right or induces
structure on a quasi-barotropic perturbation would be a subject for another
investigation.

It may be appropriate to indulge a speculation on rapid cyclogenesis.
The energy growth curves discussed in Secticn 8 for high wavenumber
vertical perturbations bear a striking resemblance to growth curves for
Alpine cyclegenesis (Buzzi and Tibaldi, 1978; their Fig. 12) and data for
the initial stages of rapid cyclogenesis (Sanders and Gyakum, 1980).
Attempts to relate these growths to exponential normal mode analysis fails
in both these references as it did in Simmons and Hoskins (1978). The
horizontal scale of the waves is small at first and increases as they
congolidate into normal mode form late in the development, in agreement
with pulse asymptotic theory (Farrell, in press). Concentrating on the
rapid first stage of growth, the fact that a sudden change in the wind
velocity, whether from a trailing cold front (Buzzi and Tibaldi, 1978; their
Fig. 1) or an advancing trough (Sanders and Gyakum, 1980 , Hess and Wagner
1948), is the immediate precursor of the cyclogenesis suggests that a
stationary wave which was in equilibrium with the flow before the front
passed has been "cut loose" by the rapid change of velocity to serve
as the initial condition for the cyclcgenesis. This mechanism agrees

with the coincidence of regions of explosive cyclogenesis and mountains if




we are willing to consider the Atlantic and Pacific Western boundary
currents as "thermal mountains." The waves would have to be of large
horizontal extent A > 600 km which rules out pure gravity waves but
agrees with observations of combined inertia-gravity waves (Hess and Wagner,
1948 , Sawyer, 1960). The manner in which these waves would in the course
of collapsing serve as initial perturbaticns for quasi-geostrophic baro-
clinic waves is subject for a model study.

Finally, we remark that if the growth of cyclone waves is dependent
on the vertical structure of the initial condition to the extent found
here, stringent requirements are implied for vertical resolution both in

observations and numerical simulations.




S10) m—s o
Ee— .3 .
40= =

} r—-————-€K)i)
mir i
i -

| 20.0
20— -
10 e g 5.0 ad
i -
| l | |
OO.] 1.0 100

Fig. la Approximate maximum normalized kinetic energy for the Couette
problem as a function of perturbation horizontal wavenumber, k

1 and vertical wavenumber mn.




0.1 1.0 10.0

Fig. 1b Approximate growth rate of perturbations for the Couet to problom

as a function of perturbation horizontal wave mmbey . koand
’ . d

vertical wavenumber mn.




1.00
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20

0.10

L o | S SO

20.0 30.0 40.0 S50 61,0

|yl

Fig. 2a Magnitude of the streamfunction for the Couettc problea as .

0.00

function of time for perturiation horizontal Wavenhor

AT

k=3.0, and vertical wavenmuber, { =aZ . Tiuc % mes ol b
H

mi/k: o=t/ (mn/k) . Streamfunct iongfor t o« ) s Ay

2=35




0.20

0.10

0.00 e o> B e

0.0 10.0 20.0 30.0 40.0 50.0 60.0

vl

Fig. 2b Same as 2a except for a0 06

2-36




50.00 -
42.00
40.00
35.00 7
30.00

. 54
e

25,00 T

20.00 +
1580 -

's
10.00 + \

D00 %

0.00 + } t +
) 0.0 1.0 Ll 3.0 4.0 5.0 6.0

t/(mw/k)

Fig. 2c Exact normalized energy as a function of time for the oxampl

in Fig. 2a.




Q.

1.00

C.80

0.60

-0.20

-0.40

-0.60

-0.80

-1.00

time

£ = t/(nu/k),

for the example in Fiqg.

2-38

D

.

3
1
+
a /////////////’Iﬂ'—-‘--
+ + s e e e e
0.0 1.0 2.0 3.0 4.0 8.0 6.0
t/(mm/k)
Fig. 2d Energy growth rate 2kci = 1/E dE/dt as a func'ion of scaled
eff




1

o
1

o

T
— N W
|

for the discretoe normal

Fig. 3a Phase speecd, Cq and growth rate, kci

modes in the Eady problem. There is also a complex conjugate

decaying mode for O<k<2.3994.




R T WEAR: SO TEINREL SO S LT
o 5 2 3 &4 5 & 3 B & 1ol

Fig. 3b Normal mode streamfunction amplitude at horizontal wavenumber
km =1.6062 for the Eady problem. An example of the continuun

normal modes at c¢c=.7 1is shown.




61 =273 4 5 & 1T & 9 W

Fig. 3c Same as 3b except for k=3.0 in the neutral region.




L CL

10730 N
(
///I/rlllfv
2 & 8 2 & £ 8
3 6 6 6 é & & 2
L0730 3N
n«
| n\
| i
.
S
—.— - BRI e
g8 8 8 R 8 B ¢ 8§
2 8 d.8 & 8 & ¢
10730 31

15.0
TINE

0.0

5.0

w0

e

5.0

20.0

15.0 20,0 =
Tine

wo

59

LEGR0 AP

S Q
— _ig
T —
s, _—
ST "~
eSS I
T —— e il -
e = R
e i L,n
e L

0.80

LPGID ArP PSI

1.00
20
0.80
70
80
.50
0.40
0
0.20
]
00

PsI

0

il

at

and initial perturb

taken

L6062

= M7,

ude

1

oer

\
n ampli

qrowth rate
nun

enerqgy
al wave
ectively.

1¢

th horizontal waven

The
vert

w1l
Streamfunctio




Al

5 X
LEGI0 AP P5)

\
|
3
o

) <
g 8 EERE S 8
e & 3 3 & & 8 L
o
; R e
L ~ J*
B -
9 i PR R T
o !

//
E

\
\

P S
3

\
é |
|
=

Oy
~ o
0
[ | :
3 J _\Ja o
R ¢

g B 8 8 § 2 ¢ 8 &8 g 8 s & P 8§ f €. 8 8 9 A

- ) S ] S 8 ¢ m a p: 3 2 8 S 3 = 8 3 )
) o
10730 3N b
z o o] ]
’ 5 y
3 o o
- .ﬂl -~
K'Y 2 — == %
0 s S a ,
— A g R 0 0}
Py s I @ o

Wit G s R -
f e 5 5
2 o e e N o ﬁm
¥ hy e W Rt "8 u 0

£ S — . .
Al
q

g /C\\t\; i Q ~

5.0
11(’
Fig. 7

o i3
b
. % 5 2 8 8§ B 2 9 8 e g
mwmmmmmmmmmmcuw amumo,c

10730 311

s - n “

o a
20.0

Q=

ag

—~— e &

- = R acastiieant <
2 — — B

= S0 — S = g

5 &

/
W

P
2 ——— e ==
M e I
/{(t“'\\\\ “C
g B ————————
\\\\ Tl i s =43
<
e - 9 —_— e
SRR e E g B
§ # 8 8 8 % 8 § s § 28583 %3%3§8 3%

10730 an z




Sy
200
/
/
[
l
i
|
\
\

g 8 ——
— ¥
- B
" 1
- 9 e~ ——
. g —
/ o s
/// a
N
S e
EEPROS N | Rl i
O T — 3 @ B ¢ g
e o 9 o G o R F 3 d
§ B & & & % ®§ § §
3 3 § 8 & o 4
16730 N = A

%
15.0 20.0

Tine

0.0

=T
20.0

¢
]
- a
= 7
d
4,
5
\ 9
/ -
\x &) C
L S etk 3 . 4
s 3 e
< .
v e R : N
: g Y SN SRR EE 4
§ £ 2 8 € §'§ = @2 g 8§ § 8 2 2 2 8§ § s
o a o d -] S d c -3 =) -] 3 a c
10730mme _

- SEEe E 7

o
200
Ja_

G237
2 . 'a
L) |
“w L
f ¥
Q
=
S &
\\\\
PI
= -
i e e 3
g 8 8 8 8 2 8§ § 2 g g & Elie e a8
mamca;auo.oa mmmwmmmuunw

10730 3n




sod

25.0
”°L
3.0

150

\

\
10.0

/
5.0

q
=}
§ 2 2 8 8 R € 8 8§ 3
d @ & @ & # 9 d ¥
i 1
0730 i
it il‘llMit ——p——r— — -
v S—— v
o -~ n
~N o~
E
2
:
El g3
t § o o
& » .
i (2a] ™
d I ]
9 & ~
d
9 + -
@ =
N N
3 o )
0 0
o P x %
e B Y o
o Q o m (=] Py o
. 3 338833570 < (PN
,llr// 7 U )
- 10730 3/1 o R
- SR e— = = e =] o
| e g o
b - o o
= S 5 o B
o e -~ N
: [ X ) )
& a P
- B
= oy q Q
- @ Q
< ¢ 3 5
o g 29 n 0
P ¢ g
-
— o —
C q — -
S — o o
\ o 554
e s
e 3 k By
\\A\
<.
e Q
3
2 @ 9 = e B
g 8 8 2
§ 0 % 9 e 3% 58
~ z
8 2
=~ &
>
0
¢ 4 ~
a ~
Q 4 ~
- R Q=
& E
£
- 2 ¢
- v q
< k- :
- > Q
5 2
g
2 2-45
9
[

10730 31 z




0 1.0 2.0 30 4.0 5.0 6.0 k

" | L 1 e |
1.0 2.0 3.0 4.0 5.0 6.0 k

Fig. 12a Phase speed, c, and growth rate, kri for the discrete normal
modes in the Green problem. There are aluo complex conjugate

decaying modes.
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Fig, 12b Normal mode streamfunction amplitude at km= 1.8, together with

the continuum normal mode at c=.7.




Fig. 12¢ Same as Fig 12b except for k= 6.0,
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APPENDIX D

The basic state for the Couette problem possesses no vorticity, and
in inviscid dynamics there is no other source of vorticity except the
initial perturbation. This fact may be exploited to obtain a bound on

the initial value growth.

Consider an initial perturbation of horizontal wavenumber k and

vertical wavenumber mT:

Yy = Ai sin mmz cos kx

The energy from (15) is:

P e
E m = - (al)

The enstrophy is given by:

VRat
]
N
&
+
=
Qu
N

A bl Y ey
= 1 . (a2)

As £ 1is a constant for the flow, it must also be the enstrophy of
the mode which maximizes E. The problem of maximizing E subject to
the constraint that & be constant and the boundary conditions (1b) are

met may be solved using the formalism of the variational calculus. For

our purposes it will suffice to note that maximum energy is associated




with minimum vertical wavenumber and choose the approximate maximum

energy state as m=1:

] = A sin 7z cos kx
m m

If the initial perturbation has wavenumber mm then the constancy of

& requires from (A2):

A2
Tl ((mﬂ)4+k4)-

":‘ISH’N
=
S

Hence the initial and approximate maximum amplitudes are related by:

Bl
A? (mm) +k

4 4
ek

g3 N

The approximate maximum energy from (Al) is:

4 2 2
2 (mTr)4+k m +k
E = A, .
m i 4 4 4
mT + k

The ratio of maximum to initial energy is:

4
5 (mm) +k4 Tr2+k2
4 2
” o i® 4 hl” BT £kt
i > 2 3 2 2% 4 (83)
- (mm) " + k™ (mm) " +k~ 7 +k
4




The limit k>0 is:

. SR N (A4)

Whereas for k=T near the maximum of growth rate we have:

4
R . “‘2_+1 (n5)
i R
which for m>>1 reduces to (A4). Comparing with Fig. 1 a parallel
behavior is seen and the perturbations fail to achieve these approximate

maxima by only a small factor. For example as k=0, (14) reduces to:

E.
Ty -8 o SR o dv s

k>0 Ei

The above argument may be extended to the decay phase of the initial
value problem for which conservation of enstrophy implies that the vertical

wavenumber will increase linearly with time to give a t decay in
amplitude. Figure 2b clearly shows this linear increase in wavenumber.

Of course it would be possible for a perturbation to decrease in amplitude

by apportioning energy over many wavenumbers so that this argument must

be generalized to a Fourier sum (Charney, 1973).




APPENDIX B

With the substitution of (23), the linearized equation for the

conservation of potential vorticity (20) can be written:

‘
d ) 2 0 :
(—— + Ulk) (— k™ + ) P(z,t) - g iky(z,t) = O (Ala)
ot 2 ¥
dz
(f} +Uik) augz,t) _c;_: kb(z,t) = O T, (Alb)

. : 2 2 2 2 :
Forming the matrix operator V = (-k” + 3 /32 ) on N+2 points by
the usual finite difference approximation to derivatives and using (Alb)

to eliminate the outlying boundary points allows (Al) to be written:

’ 2
-ikKlV -q Jip = O
il =Y

&4
}<~\
*-:\

Identifying Ao =- ik[Vz Uvz-v g ] results in a matrix eigenvalue

problem for 1(z,t):

—;)—— = z_\:p J (A2)

Tf A has N distinct eigenvalues, AN then it has N associated

linearly independent eigenvectors @N' As the matrix A is nct symmetric

these @N are not in general orthogonal. The solutieon to (A2) for initial

B




perturbation U(z,0) is:

~
P(z,t) = AEA “(z,0)
where
A = [W] U, Syt WN] the matrix of eigenvectors
A
1
e 0

E. = o the matrix of eigenvalue exponentials
Al
N

O e

The solution as a function of time is, from (23):

bix,z,t) = Y(z,t)e X

: SR * - . .
With Y discretized using fourth order differencing on N =100

points the QR algorithm requires less than 10 min to extract the

eigenvectors using the modest DEC VAX 11/780 computer.
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